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Let KP denote pre�x omplexity. The goal of the paper is to give a simple

proof for the followng

Theorem 1 (Solovay, Calude and Coles). There is a omputably enumer-

able undeidable set A suh that KP(A

1:n

) � KP(n) +O(1). (Here A

1:n

stands

for the pre�x of length n of the harateristi sequene of A.)

Solovay [9℄ proved the statement without enumerability requirement and

Calude and Coles [1℄ added this requirement. Both Solovay's and Calude and

Coles' proofs are rather involved (the latter one is 8 pages long). In the present

paper we propose a simpli�ed proof of Solovay{Calude{Coles theorem. Essen-

tialy the same proof as ours appears in the paper [4℄, it is attributed there to

Downey, Hirshfeldt, and Nies (Theorem 50 on page 37). Our work was done

independently of [4℄. Both our and Downey{Hirshfeldt{Nies's arguments are

similar to those of Ku�era and Terwijn [5℄ used in onstrution of an undeid-

able Martin-L�of random set. In the ited paper, Downey gives a seond proof

for the result, whih is based on the original proof of Solovay [9℄.

We will reall now all relevant de�nitions and then present our proof.

Let � denote the set of all binary strings and jxj stand for the length of

string x. Given a partially omputable funtion  : � ! � let K

 

(x) =

minfjpj :  (p) = xg.

De�nition ([6, 3, 2℄). A partial funtion  : �! � is a pre�x funtion if for

any p suh that  (p) is de�ned  (q) is unde�ned for any proper pre�x q of p.

Theorem 2. (see [7, Th. 3.1.1℄) The lass of partially omputable pre�x fun-

tions has an optimal funtion. This means that there is a partially omputable

pre�x funtion � suh that for any other partially omputable pre�x funtion  

there is  suh that K

�

(x) � K

 

(x) +  for any x.

�

Work was done while visiting LIM, Universit�e de Provene.
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Choose any optimal partially omputable pre�x funtion � and de�ne pre�x

omplexity KP(x) of x as K

�

(x).

Pre�x omplexity is losely related to the a priori distribution de�ned as

follows.

A (total) funtion P : � ! [0; 1℄ is alled a disrete semimeasure if

X

x2�

P(x) � 1:

It is alled enumerable if the set fhr; xi j ris a rational number and x 2 �; r <

P(x)g is omputably enumerable. For a de�nition of omputably (= reursively)

enumerable and deidable (= reursive) sets see [8℄. An enumerable disrete

semimeasure P is alled universal if it dominates any other enumerable disrete

semimeasure P

0

, that is there is a onstant suh that P

0

(x) � P(x) for any x.

Theorem 3 ([6℄). The funtion m(x) = 2

�KP(x)

is a universal enumerable

disrete semimeasure.

Often m(x) is alled a (universal) a priori distribution.

A simpli�ed proof of Theorem 1. The set A will be de�ned as a result of an

in�nite algorithmi proess. To de�ne this proess �x an enumeration of all

programs p

1

; p

2

; : : : suh that the funtion (p

k

; n) 7! p

k

(n) is partially om-

putable. In order to ensure that A is undeidable we will assoiate with every

program p

k

a number n

k

suh that p

k

(n

k

) is either unde�ned, or de�ned and

di�erent from A(n

k

) (where A(n

k

) is 1 if n

k

2 A and 0 otherwise). To do so we

start with n

k

= 2k (say) and with A = ;. Then we enumerate the graph of the

funtion (p

k

; n) 7! p

k

(n). If (for some k) we �nd that p

k

(n

k

) is de�ned and is eu-

qual to 0 we add n

k

to A. In this way we will obtain an enumerable undeidable

set. However it may not satisfy the inequality KP(A

1:n

) � KP(n) +O(1).

To ensure this inequality let us �rst rewrite it using the a priori distribution

m(z) as follows: m(A

1:n

) � m(n)= for some positive  and all n. As the a

priori distribution is maximal among all lower semiomputable distributions,

it suÆes to de�ne a lower semiomputable distribution q on f0; 1g

�

suh that

q(A

1:n

) � m(n)=2 for all n. The distribution q will be de�ned in parallel with

A.

To do this run an algorithm enumerating m(n) from below. Observing aris-

ing lower bounds for m(n), we enumerate q from below: if we �nd (for some n)

a new rational r < m(n), we inrease q(A

1:n

) to r=2 (for the urrent value of

A

1:n

). This obviously will ensure the inequality q(A

1:n

) � m(n)=2. The prob-

lem however is that the funtion q de�ned by our proess may not satisfy the

inequality

P

y

q(y) � 1. In other words, it may be not a distribution.

Now omes the ruial point. To fore q to be a distribution we will some-

times hange n

k

for some k. For any partiular k the value of n

k

will be hanged

only �nite number of times, thus hanging n

k

will not disturb the undeidability

of A.
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More spei�ally, we keep true the following invariant

X

i�n

k

m(i) � 2

�k

for all k suh that p

k

(n

k

) has not yet been de�ned:

To this end, one we see that for some k with p

k

(n

k

) not yet de�ned the known

lower bounds form disprove this inequality we assign n

k

a greater value di�erent

from all urrent n

i

's and suh that the inequality is true (for urrently known

lower bound for m). Every n

k

may be hanged only �nitely many times: one

n

k

has beome so great that

P

i�n

k

m(i) � 2

�k

it remains unhanged forever.

It remains to show that

P

y

q(y) � 1. The sum of q(y) over all pre�xes y

of the harateristi sequene of A is at most 1/2 as q(z) � m(jzj)=2 for any z.

However, sine A has been hanged (in�nitely) many times, q(y) may be non-

zero also for pre�xes y of the previous values of the harateristi sequene of

A. For any suh y there is a step t suh that y was a pre�x of the harateristi

sequene of A on step t but not on step t + 1. In other words, n

k

was added

in A on step t for some n

k

not greater than jyj. Let A

t

denote the value of A

before adding n

k

in A. The invariant implies that the sum of q(y) (on step t)

over all pre�xes of the harateristi funtion of A

t

of length n

k

or more is at

most 2

�k�1

. On later steps q(y) remains unhanged for all suh y's. Hene the

limit value of the sum of q(y) over all pre�xes of the harateristi funtion of

A

t

of length n

k

or more is at most 2

�k�1

. Observe now that for any k only one

n

k

may be added to A (we enumerate n

k

into A only when we have found that

p

k

(n

k

) is de�ned and in this ase we do not hange n

k

any more). Hene the

sum of q(y) over all y that are not pre�xes of the harateristi funtion of A is

at most

P

1

k=1

2

�k�1

= 1=2.
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