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1. Introduction

The arithmetic complexity of an infinite word is the function that counts the number
of words of a specific length composed of letters in arithmetic progression (and not only
consecutive)

In fact, it’s a generalization of the complexity function.

2. Prerequisites

Let A be a nonempty finite set of symbols, which we call an alphabet. An element a € A is
called a letter. A word over the alphabet A is a finite sequence of elements of A. In particular,
we let € denote the empty word. We use the notation A* for the set of all finite words, and
AT = A*\ {e}, and A" set of all infinite words.

A word U is a factor (or subword) of a word W if there exist words P,Q € A™" such that
W = PUQ. In addition, P is a prefixr and Q is a suffiz of U.

Definition 1. The factor complexity or complexity function of a finite or infinite word W is
the function n — Pw(n), which, for each integer n, give the number Py (n) of distinct factors
of length n in that word.

Definition 2. Let w € AN such that W = agay - - - a,, - - - , where a; € A. We call arithmetic
closure of w all
A(W) = {aiirativaq - Givra | d > 1,k > 0},

The arithmetic complexity of W is the function ay, who has n notmatch the number ay (n)of
words in length n in A(W).

According to this definition, in A(W), the parameter k denotes the length of subwords and
d is the distance between the letters in the word. For instance, whenever d = 1, we can say that
aw(n) = Pw(n), where Py (n) is the complexity function of w.

3. Main parts

Let o« € Ry \ {107 : z € Q} := Ry. Then consider W, as the word of leading digits of .
The main result is as follows:

3.1. Independently

It means arithmetic complexity of leading digits of « is independent from «.
Proposition 1. Ay, is independent from «. Hence, Ay, C Ay, for any o, 8 € Ry.
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3.2. Computing

Proposition 2. Py, = 0(n) and a,, = 0(n?).
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