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Abstract: 
We construct an exact cubic-time algorithm which outputs a tree with the minimum sum of costs of an embedding into it and an embedding from it to a given network. We construct an algorithm which outputs a minimum embedding of a tree into a network с учётом incomplete linear sorting, который линейно зависит от числа вершин в сети и точный, если цена of the sorting не меньше суммы цен дупликации и потери. We construct an exact approximately quadratic-time algorithm which, for arbitrary costs of SCJ operations, solves the problem of reconstruction of given structures on any two-star tree. We construct an exact algorithm which reduced the problem of DCJ reconstruction of given structures on any star to a logarithmic-length sequence of SAT problems, each of them being of approximately quadratic size. Thus, the paper solves the problems of constructing an evolutionary tree and the evolution of structures along it.
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General Introduction

Evolution analysis is one of the most fundamental mathematical problems, having at the same time a broad practical importance. In this respect, we have considered discrete evolution, where a rooted tree acts as time. This understanding of time is particularly important in connection with biological evolution, although in this paper evolution is considered purely mathematically, without any relation to various applications. We consider two phases of reconstruction necessarily following each other: first, a tree acting as time is constructed, and then evolution itself is sought along the constructed tree. Namely, the first problem consists in constructing a tree as the “average” between given a tree and a network, which reduces to minimizing a given functional defined on all trees of a fixed size. The second problem consists in describing the evolution of structures defined at leaves of a tree. Evolution is understood as continuation of these structures onto internal nodes of the tree, where the continuation is a minimum of a given functional defined on all the arrangements in the tree. An arrangement is a one-to-one mapping of structures to internal nodes of the tree, together with already fixed structures at its leaves. Besides the functional, the notion of a structure must be defined. In this paper, a structure is a loaded directed graph consisting of paths and cycles (a path-cycle graph). Of course, both problems can be considered in the framework of other formulations as well.

In Section 1, “Tree construction,” we prove Theorem 1, where we construct an exact cubic-time algorithm which, given a binary tree P, binary tree or network S, and a collection B of sets, outputs a binary tree G minimizing the sum of costs of minimum continuations preserving the natural orderings of leaf mappings from P to G and from G to S provided that G contains only clades that belong to B. Here a clade means the set of all leaves below any given node g(G. A continuation preserving the natural ordering such as P(G or G(S is called embedding; and thus, we minimize here the sum of costs of two minimum embeddings. In this section we also construct a minimum embedding of a tree into a network (Theorem 2).
In Section 2, “Reconstruction of Structures along a Tree,” we prove two theorems. In Theorem 3, we construct an exact approximately quadratic-time algorithm which solves the SCJ reconstruction problem on any two-star tree for arbitrary costs of SCJ operations. In Theorem 4, we construct an exact algorithm which, on any star for arbitrary costs of DCJ operations, reduces a cyclic equal-content DCJ reconstruction problem to a logarithmic-length sequence of SAT problems, each of them being approximately quadratic-size.

1. Tree construction
1.1. Introduction. We consider rooted trees; a root is entered by an edge which starts at a node of degree 1, referred to as a superroot; the edge itself will be called the root edge. We will regard the superroot of a tree, and then the root, as located “at the top,” and leaves of a tree (all of degree 1) as located “at the bottom”; see Figure 1a. Similarly, subtrees are regarded with their root edge, which enters the root of the subtree and starts at its superroot, the latter being of degree 1. The tail of an edge e is its endpoint located closer to the root, and the second endpoint is the head of the edge; they are denoted by e+ and e–, respectively. An ancestor node/edge is located closer to the root, and a descendant node/edge, farther from the root, both lying on the same path; this relation is denoted by (. The nearest ancestor is called a parent, and the nearest descendant, a child; nodes located immediately below the same node are said to be sibling nodes, each of them is called a sister of any other one. In essence, a tree specifies a parent-child relation. For any set N of leaves, a node which is the lowest among all ancestors of all leaves in N is well defined. Denote it by N'. For two trees T1 and T2, there is a well-known canonical continuation of any preassigned mapping s from leaves in T1 to leaves in T2, which is denoted  here by s''. Namely, for an interior node x in T1 with a set x< of leaves lying below it, we let s''(x) = s(x<)'. The set x< is called the clade of x, or the clade of the root edge incoming to x, or the clade of the subtree defined by x. 
If s''(e+) = s''(e–), then s'(e+) is defined as the edge entering s''(e–) from above; for instance, s' maps the superroot in T1 into the root edge in T2. Thus s' maps vertices in T1 into nodes and edges in T2; see Figure 1b. This definition can be generalized to the case where T2 is a network; see Section 1.3. We will refer to the mapping s' as an embedding of T1 into T2. Below, when saying “a tree T1 is mapped to a tree T2,” we always mean precisely this mapping s' and speak about its images and arguments. Note that in this case we have a preassigned mapping s, which is called a leaf mapping. Of course, the mapping s' preserves the natural order.
The path of an edge e(T1 in a tree T2 is a path consisting of nodes in T2 from s'(e+) to s'(e–) excluding its endpoints s'(e+) and s'(e–).
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Figure 1. (a) All the considered trees are arranged “top to bottom”; in them s is a superroot, r a root, and (s,r) a root edge. (b) The mapping s: T1 ( T2 is arbitrarily defined on leaves as a correspondence of labels in which indices are disregarded (i.e., f1 and f2 are mapped to f). The mapping s canonically continues onto interior nodes in T1 as s': T1 ( T2. For instance, s'(vi)=ui, for 1(i(4 or i=6 and s'(v5)=u7, s'(v7)=s'(r)=s'(s)=t. The nodes v7, r, and s are mapped to the root edge. Images of nodes of T1 are shown “inside” T2, due to which we refer to edges in T2 as pipes.

We call the image tree of T1 into T2 to be the tree, isomorphic to T1, whose nodes are located at nodes and in edges of T2 so that, v is located at the node s'(v) or v is located in the pipe t=s'(v); see Figure 2. In this sense, edges of T2 will be referred to as pipes containing nodes and edges of T1. Images are connected by an edge according to the parent-child relation of their arguments. Thus, we want to consider an image tree as the T1 tree located inside T2.
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Figure 2. (a) Original tree T1, and (b) its image tree in T2; its nodes are shown in bold and its edges are shown as polyline curves. The images of v1 and v2 are located at the same node u5, and the images of v3 and v4 are in the same pipe t. For example, for the edge e'=(v4,e), its path in T2 is u5u4u2.
If a tree leaves are assigned with unique names, we may do not distinguish between a leaf and a name assigned to it. A tree with labelled leaves represents the discrete-time evolution of a matter which is assigned to the root of the tree; the evolution goes from the root to leaves through interior nodes of the tree. For example, this can be evolution of a gene, protein, or species etc from the root along a whole given tree to its leaves, which represent up-to-date states of the initial (at the root) matter; such up-to-date states could already be actually specified. 

Let T0 be the set of all leaves of a tree or network T. Thus, the problem is as follows: given a tree Р, a set M, a tree or network S, and mappings s1: Р0 ( M, s2: M ( S0, find a tree G (where G0  = M) that reconciles the evolutions s1' and s2' in the following sense. We define the costs c(s1') and c(s2') of the embeddings s1' : Р ( G and s2' : G ( S, respectively; and then minimize f(G) = c(s1')+c(s2') with respect to the argument G, see Figure 3. For the case of a network S definition of the embedding cost c(s2') of s2' : G ( S is given in Section 1.7. Up this section, S is a tree, and the embedding costs will be considered according to the definitions 1 and 2 below. However, f(G) can be defined as easily computable functions with some properties that we will need below.
Мы имеем здесь общую математическую задачу, и весь дальнейший материал излагается независимо от каких-либо приложений. Однако в качестве типичного примера опишем её данные, используя биологические terms. Let Р be a tree whose leaves are assigned with protein names (“protein evolution tree”, or, for short, protein tree), and let S be a network, in particular a tree, whose leaves are assigned with names of species containing these proteins (“species evolution network”, or, for short, species network/tree). For more details concerning the notion of a network; see Section 1.3; at the moment we may assume S to be a tree. Let М be a set of genes from which proteins in leafs of Р are formed, and let a leaf mapping s1: Р0 ( М be fixed where y=s1(x) is the gene from which a protein x is formed, see Figure 3. On the other hand, a mapping s2: М ( S0 is fixed where s2(y) is the species to which a gene y belongs. The composition s2(s1): P0 ( S0 defines a mapping which specifies a species to which a protein x belongs. These s1 and s2 are specified extrinsically, from applied reasons. Let G be a tree with leaf set М=G0, which is called the “gene evolution tree”, or gene tree, or an intermediate tree with respect to Р and S. Given s1 and s2, their continuations s1': Р(G and s2': G(S are defined. We regard s1' as evolution of proteins relative to genes (in the gene tree), and s2' as evolution of genes relative to species (in the species tree). Our problem is to minimize c(s1')+c(s2') with respect to the gene tree G; and as the result to find the tree G*, на котором c(s1')+c(s2') принимает наименьшее значение.
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Figure 3. Mappings s1 and s2 on leaves and their continuation s1' and s2' onto interior nodes. We want to minimize c(s1')+c(s2') with respect to the gene tree G; and as the result to find the tree G*, на котором c(s1')+c(s2') принимает наименьшее значение.
1.2. Setting of the intermediate tree problem and формулировка Теоремы 1.
Let the degree of every node in the trees T1 and T2 except for the superroot and leaves be 3. All leaves are labeled with unique names, and M is the set of leaves together with their names in T2. 

The embedding s': T1(T2 for the trees T1 and T2 is defined above. 

Definition 1. A duplication in T1 is a node of degree 3 which is mapped to a pipe. Informally, for example, the node r(T1 in Figure 5a has an image located in a pipe above the images of the children v7(T1 and v6(T1, which is interpreted as a furcation of the node r in this pipe into v7 and v6. A loss is a pair consisting of an edge e(T1 and a node y(T2 such that y belongs to the path of e in T2 (the path does not contain the images s'(e+) and s'(e–), the extreme nodes of the path). Informally, an edge e passes through y and has no furcation in y. A loss is said to be implicit if a clade of one of the child pipes of y does not contain images of leaves from T1; otherwise, it is said to be explicit. We define the locus of a duplication to be its image and the locus of a loss to be the node y. Duplications and losses will be called evolutionary events. For example, all events for the T1 tree shown in Figure 1, are presented in Figure 5. Let each event be assigned with its cost, a strictly positive rational number. The cost c(s') of an embedding s' is the total cost of all its events. These definitions can be carried over to the case where S is a network; see Section 1.3.
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Figure 4. (a) Tree T1 given in Figure 1a above. (b) Image tree isomorphic to T1; marked in red inside T2 (repeat: its nodes are shown in bold and its edges are shown as polyline curves). Here, two duplications, v7 and r, are in the root pipe. Losses: in the edge (v6,f2) at node u3; in the edge (v7,v1) at u5 and u0; in the edge (v5,v2) at u0; in the edge (v5,v3) at u6; and in the edge (r,v6) at u5. All losses are explicit. Interior nodes in T2 are labeled by symbol u with an index. Note that the nodes r, v3, and v4 in Figure 2b are duplications. 
The intermediate tree problem is as follows: given a tree P and a tree/network S together with leaf mappings s1: Р0(M and s2: M(S, find a tree G with leaf set M=G0 for which the sum of the costs of the embeddings s1': Р(G and s2': G(S is the minimum. Under Definition 1, the problem minimizes the total number of events occurring in these two evolutions taking into account their costs. This number c(s1')+ c(s2') is called the cost c(G) of a tree G. The problem setting is not yet completed if S is a network: in this case we also need to define the continuation s2': G(S of the mapping s2. We define it in Section 1.3 below, where it is called the minimum embedding; in the case of a tree, there is exactly one minimum embedding, the embedding s' defined in Section 1.1. The main feature of a minimum embedding in the case of a network is the fact that it is not defined uniquely: there exist many minimum embeddings.

This problem for the case of a tree S was posed in [1], where it was proved that the problem is NP-hard. The latter means that it cannot be solved by any polynomial algorithm if P(NP. However, a polynomial algorithm or even low-complexity algorithm can be found if we introduce some additional condition in the problem. In [1], the problem for a tree was solved by a heuristic (quadratic-complexity) algorithm given that the mapping s1 is injective; moreover, that algorithm did not assume costs of events. Instead, we suggest another condition:

(*) The tree G contains only clades from a fixed-in-advance collection B of nonempty subsets of M such that B contains M itself and all its one-element subsets, and any non-one-element set А in B has a partition in B.

The latter means that А can be partitioned into two nonempty disjoint parts from B; в частности, B не содержит пустого множества. In Section 1.5 we explain how one can construct a collection B satisfying condition (*). 

Under this condition, we obtain an exact (cubic-complexity) algorithm solving this problem for both a tree and a network S. Even for the case of a tree, our algorithm is other than that in [1]. Also, for the case of a network we propose an algorithm finding one particular minimum embedding which is denoted s2': G(S.

Thus, below we prove the following 

Theorem 1. 

A. An exact cubic-time (in the input data size) algorithm is construct which, given a binary tree P, binary tree S, and a collection B of subsets of M, outputs a binary tree G minimizing the sum of costs of embeddings of P to G and of G to S provided that G contains only clades from B. 

B. An exact cubic-time (in the input data size) algorithm is constructed which, given a binary tree P, binary network S, and a collection B of subsets of M, outputs a binary tree G and a minimum embedding s2' minimizing the sum of costs of embeddings of P to G and of G to S provided that G contains only clades from B.
To conclude this subsection, we note that the practical relevance of this problem is, in particular, explained in [1], where extensive references on the history of the intermediate tree problem in the context of bioinformatics are provided. The definition of a mapping from one tree to another, known in the literature as “alpha mapping,” was proposed in the mid-1990s in [2, 3]. For the case of trees T1 and T2, linear time algorithms for constructing a unique embedding s': T1(T2 are known [3, 4].

1.3. Definition of an embedding of a tree into a network. 
Definition 2. Let s': T1 ( T2 be an embedding. Recall that edges in T2 are referred to as pipes. An edge e(T1 enters a pipe t(T2 if s' maps e+ to t+ or above t+ and maps e– to t or below t. Informally: in the image tree, the edge e persists at t+ and either gets lost inside t or goes further through the whole t; see Figure 4a. Similarly, an edge e leaves a pipe t(T2 if s' maps e+ to t– or above and maps e– strictly below t–. Informally: in the image tree, the edge e arises at t– or above and persists in one of the child pipes of t–, maybe partially; see Figure 4b. Such a description is called an evolutionary scenario of T1 in T2.
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Figure 5. (a) Edge e enters pipe t: edge e persists at t+ and either gets lost in t (bold line) or leaves t (dashed line). (b) Edge e leaves pipe t: edge e arises at t– (bold line) or arises above and persists in one of the child pipes of t– проходя через всю t1 или её часть (dashed line). 
By a binary network S we understand a directed acyclic graph with nodes divided into four groups: one node of in-degree 0 and out-degree 1 (the superroot), nodes of in-degree 1 and out-degree 2 (tree-type nodes, including the root), nodes of in-degree 2 and out-degree 1 (hybrid nodes), and nodes of in-degree 1 and out-degree 0 (leaves). Thus, a tree is a particular case of a network with no hybrid nodes. A node may have two parents, and the notion of a nearest common ancestor is not defined; see Figure 6. If there is a directed path from node x to node y, then we say that x is above y and write x ≥ y or y ≤ x. A hybrid pipe t – pipe, конец t– которой является a hybrid node. Аналогично определяется tree-type pipe.
The continuation of this order on all nodes and pipes, also denoted as x is above y (x ≥ y) or y is below x (y ≤ x), is defined similarly. For example, a pipe e is below e+ and above e–. Sometimes, the term “ancestor” is used instead of “above,” and “descendant” is used instead of “below”; a node, located immediately above some node is called its “parent,” and a node located immediately below some node, its “child”; nodes located immediately below the same node are said to be “sibling” nodes; each of them is called a sister of any other one.
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Figure 6. Example of a network: nodes u3, u4 u6, u7, u9, u10, and r are tree-type; nodes u1, u2, u5, and u8 are hybrid; a, b, c, and d are leaves. There are the four groups of nodes. 
A subnetwork Sx is the network consisting of a node x and everything that lies below it, together with a root pipe (for Sx) entering x from above; if there are two such pipes, choose any of them. The leaf set in Sx is called a clade in S or the clade of the node x, or also the clade of the root pipe entering x; we denote the clade of x by x<. A subnetwork may contain nodes with two parents such that one of them does not belong to Sx. Such nodes of a subnetwork will still be referred to as hybrid nodes. Throughout what follows, by a network we understand a rooted binary network with a root pipe. It is similarly for a subnetwork.
As in the case of two trees, for a tree G and a network S we define a continuation s'' of a mapping s from leaves in G to leaves in S, though, on interior nodes, the value of s'' can also be a pipe in S. Namely, let a continuation s'' from nodes in G to nodes and pipes in S be any continuation of s preserving the natural ordering ( in G and having the following properties: the superroot in G is mapped to the root pipe in S and образ y= s''(x) вершины x не является гибридной вершиной. Если s''(x) – древовидная вершина, то пути px-x1 и px-x2 дочерних рёбер of x входят в различные дочерние трубы of s''(x). Moreover, the mapping s'' for any edge e(G is complemented with pointing to a directed path pe which consists of nodes in S leading from s''(e+) to s''(e–). Примером на рисунке 7b является вершина e–, которая отображается в t–. For the case of a tree, such path pe is unique, and it was called above the path of the edge e. Such a nonunique s'' will be called an embedding of a tree G into a network S. 
Сейчас мы повторим определения 1 и 2 для сети. An edge e(G enters a pipe t(S if s'' maps e+ to t+ or above t+, maps e– to t or below t, and pe passes through t, maybe partially. Similarly, an edge e leaves a pipe t if s'' maps e+ to t– or above t–, maps e– strictly below t–, and pe passes through ti, maybe partially, where ti is a child pipe of t.
Let us be given an embedding s’’: G ( S. A duplication in G is a node of degree 3 which is mapped to a pipe. A loss in G is a pair consisting of an edge e(G and a tree-type node z(S such that z lies in pe (and z does not coincide with s''(e+) or s''(e–)). A loss is said to be implicit if one of the subnetworks with a root pipe starting at z does not contain images from G0; otherwise, it is said to be explicit. The locus of a duplication is defined to be its image, and the locus of a loss is the node z. Duplications and losses will be called evolutionary events. We assume each of them to be assigned with its cost, a strictly positive rational number. The cost c(s'') of an embedding s'' is the total cost of all duplication and loss events in it. Понятия этого абзаца в равной мере применимы к an embedding s’’: P ( G, что приводит к ценам embeddings s1’’: P ( G и s2’’: G ( S. В результате возникают две цены c1(s'') и c2(s'') и их сумма c1(s'')+c2(s'').
Definition 3. A minimum embedding s' of a tree G into a network S is an embedding s'' with the minimum cost. 
It is easy to construct the minimum embedding s’': G ( S where S is a network (regarding duplication and loss events). But there are a lot of such minimum embedings. 
Такие вложения строятся по индукции, в которой индуктивный шаг состоит во вложении поддерева Ge в подсеть St по возрастанию их размера (сначала по всем t до корневой трубы, затем по всем e до корневого ребра), как обычно в динамическом программировании. 
На шаге такой индукции цены двух вариантов вложения могут оказаться равными: пример показан на рисунке 7, где e корневое ребро, e– отображается в t (тогда e дуплицируется в t) или e– отображается в t– (тогда e разветвляется вместе с t). Это порождает различные minimum embeddings s’': G ( S. А именно, для дерева G=((a1,a2),(a3,a4)) и сети с листами a, b, c показаны два различных минимальных вложения при цене дупликации 2 и неявной потери 1. Каждое из них имеет цену 6: у первого вложения одна дупликация и 4 неявных потери, а у второго две дупликации и две неявных потери. 
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Figure 7. Пример двух различных минимальных вложений G ( S, где G=((a1,a2),(a3,a4)) и сеть показана на рисунке. (a) The edges e1 and e2 не входят и не выходят из t. The edge e11 выходит из t1. (b) The edge e1 leaves a pipe t because s' maps e1+ to t–, maps e1– strictly below t–, and pe1 passes through t1. Аналогично e2 leaves t через t2. 
1.4. Algorithm for constructing an intermediate tree. We present an algorithm for the general case where S is a network and both duplication and explicit and implicit losses have arbitrary costs. In the first reading, it might be convenient to assume that S is a tree. Recall that M is the set of all leaves of the sought-for intermediate tree G*, see Figure 3 где G – переменная-дерево, аргумент функционала, по которому выполняется минимизация цены intermediate tree G. Let cdp and cdm denote, respectively, the costs of duplications under mappings s1 and s2; elp and elm be costs of explicit losses; ilp and ilm be costs of implicit losses. 
For an arbitrary nonempty subset A ( M, denote by E(A) the set of edges e(P for which the following is valid: s1(e<)(A(G0 and there is no e1(P, e1>e for which s1(e1<)(A. For example, for the root edge r in G we have E(r<) = {r'}, where r' is the root edge in P. It is easily seen that a nonroot edge t in the tree G is entered by precisely edges from E(t<). Также будет рассматривается соотношение s2(t<)(A(S0 where t( G.
The algorithm presented below exhaustively examines all partitions of each set A= (A1 ( A2) (B, A(M. More precisely, we exhaustively examine all pairs consisting of a set A(B and a pipe z(S, where s2(A) ( z<. Для этого определим следующий порядок на парах (A,z): ascending of the cardinality |A| of A, but for равных мощностей произвольно фиксируем порядок по первой координате; and for fixed A фиксируем любой порядок, расширяющий отношение < over pipes z(S from leaves to the root. Согласно этому порядку, the algorithm constructs a final tree G=G(A,z) с множеством листьев A и разбиением A=A1( A2, и корневым ребром t для G, начинающимся в трубе z. Алгоритм строит дерево G таким образом, что A1= t1< и A2= t2< где t1 и t2 – дети ребра t. The algorithm also calculates С(A,z) the sum of costs of embeddings into G over all subtrees in P with root edges e(E(A) plus the cost of the minimum embedding of G itself into the subnetwork Sz. This whole sum will be called the cost С(A,z) of the tree G(A,z). Дерево G*=G(M,r), которое получается в результате работы алгоритма, служит решением задачи о среднем дереве и its cost равна C(M,r). 
Induction base: for a one-element set {m} = A and a leaf pipe z(S, the tree G(A,z) consists of m and the root edge in m, let С(A,z) = 
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Consider the induction step. It includes four cases, in which T denotes a candidate for G(A,z) and С denotes a candidate for the cost of С(A,z). Ниже в 1-м и 2-м пунктах z(S forks in pipes z1 and z2, а во 2-м пункте ещё может быть листом в S.
Если S дерево, то 4-й пункт не применяется, а применяется ровно один из пунктов 1 – 3. А именно, если s2(A) ( z1<, то только 1-й пункт; если s2(A1) ( z1<, s2(A2) ( z2<, то только 3-й пункт; если оба условия не выполняются, то только 2-й пункт. Однако ниже алгоритм излагается в общем предположении, что S сеть.
1) Let z–(S is a tree-type node (гибридная вершина рассматривается в 4-м пункте) and edge t(G leaves z and enters to pipe z1, i.e., s2'(t–) ≤ z1. Это случай потери в вершине z– ребра t относительно вложения s2'. Положим T = G(A,z1) and С = С(A,z1) + l, where l = elm if z2< contains an element from s2(M) and l = ilm otherwise. Note that A= t< and для дерева S отношение s2(A) ( z1< выполняется только в этом пункте. Symmetrically, for z2. 
2) Let A1,A2 (B be a partition of A; and имеет место дупликация в трубе z(S относительно s2', т.е. s2'(t–) = z(S и edge t is forked in z into t1 and t2. Let T = G(A1,z)^G(A2,z), where ^ denotes the union of trees G(A1,z) and G(A2,z) under a common root, т.е. t1< = A1 and t2< = A2. Denote by k the number of nodes v(P such that s1'(v) = t–, т.е. one edge e1 outgoing from v belongs to E(A1) and the other e2 is in E(A2). Let C = С(A1,z) + С(A2,z) + {cdm + cdp((|E(A1)| + |E(A2)| – |E(A)| – k) + elp((|E(A1)| + |E(A2)| – 2k)} if s1(P0) intersects with both A1 and A2; or C = С(A1,z) + С(A2,z) + {cdm + ilp(|E(A)|} otherwise.
3) Let A1,A2(B be a partition of A; and s2'(t–) = z–, т.е. edge t is forked at a furcation z–(S, z1 is entered by edge t1 with clade A1, z2 is entered by edge t2 with clade A2. Это случай согласованной развилки t и z. As in Case 2, let T = G(A1,z1)^G(A2,z2), and k is the number of nodes v(P with s1'(v) = t–. Let 
C = С(A1,z1) + С(A2,z2) + {cdp((|E(A1)| + |E(A2)| – |E(A)| – k) + elp((|E(A1)| + |E(A2)| – 2k)}
if s1(P0) intersects with both A1 and A2; and C = С(A1,z1) + С(A2,z2) + ilp(|E(A)| otherwise. Note that условие s2(A1) ( z1<, s2(A2) ( z2< на дерево S выполняется только в этом пункте. 
4) Edge t leaves a hybrid node z and goes into its unique child pipe z0, i.e., s2'(t–) ≤ z0. Let T = G(A,z0) and С = С(A,z0). 
For финального G(A,z) на шаге (A,z), the algorithm chooses the tree T with the minimum value of C по всем пунктам и всем разбиением множества A. Такое число C окажется ценой C(A,z) этого дерева T; и на каждом шаге (A,z) алгоритм получает  цену C(A,z) финального дерева G(A,z). For the final output tree, the algorithm chooses G* = G(M,r), where r is the root pipe in S. Это G* служит решением задачи о среднем дереве. Все эти утверждения доказаны ниже. □
Proof of Theorem 1. 
The algorithm exactness. Using induction on all pairs (A,z), let us check that для каждого из указанных четырёх пунктов цена с(T,A,z) указанного в этом пункте дерева T равна указанному там числу С. В частности, the cost of the final tree G*=G(M,r) равна С(M,r). The induction base as well as induction steps of the first and fourth items are obvious. Рассмотрим третий пункт алгоритма, второй рассматривается аналогично. Напомним, что с(T,A,z) = c(s1') + c(s2'), где c(s1') – сумма цен вложений в T поддеревьев из P с корневыми рёбрами из E(A) (назовём её первой частью цены), а c(s2') – цена вложения T в Sz (вторая часть цены), обозначим с(T,A,z) = 1(T,A,z) + 2(T,A,z). В третьем пункте получим 1(T,A,z) = 1(T1,A1,z1) + 1(T2,A2,z2) +d, где T1 и T2 поддеревья с корневыми рёбрами t1 и t2, а d – сумма цен дупликаций в t и потерь в t_ при вложении в T поддеревьев из P. Аналогично, 2(T,A,z) = 2(T1,A1,z1) + 2(T2,A2,z2). Следовательно, с(T,A,z) = с(T1,A1,z1) + с(T2,A2,z2) + d. По предположению индукции  С(A1,z1)=с(T1,A1,z1) и С(A2,z2)=с(T2,A2,z2). Осталось показать, что {…} =d где {…} третье слагаемое в выражении для С. Действительно, в ребро t входит |E(A)| рёбер из P, а в рёбра t1 and t2 входят, соответственно, |E(A1)| and |E(A2)| рёбер, которые являются потомками рёбер, входящих в t. Удалим из поддеревьев с корневыми рёбрами из E(A), то, что ниже рёбер, входящих в t1 или t2. Получим |E(A)| деревьев, суммарно с |E(A1)| + |E(A2)| листьями. Пусть I – множество внутренних вершин в них. Очевидно, |I| = |E(A1)| + |E(A2)| – |E(A)|. Каждая вершина из I является дупликацией в t или развилкой в t_ и наоборот, любая такая дупликация или развилка соответствует вершине из I. По определению число развилок равно k, остальные вершины из I – дупликации. Among the |E(A1)| + |E(A2)| edges entering t1 or t2, exactly 2k do not generate a loss in t'–. Losses in t'– are either all explicit or all implicit, which depends on A1=t1< and A1=t2< only. В первом случае получим первое выражение для C. Во втором случае k=0, что влечёт, что дупликации в t отсутствуют, т.е. |E(A1)| + |E(A2)| = |E(A)|. Это следует из того, что P and G деревья, и определения s'.
Теперь согласно той же индукции докажем, что цена C(A,z) дерева G(A,z), построенного на шаге (A,z), является искомым минимумом в задаче среднего дерева. Пусть X минимальное дерево с множеством A листьев, по условию все его клады принадлежат B, которое относительно P, Sz and некоторого вложения s2: Xt ( Sz является минимальным относительно цены среднего дерева; в частности, s2: Xt ( Sz минимальное вложение. Для X выполняется условие одного из пунктов 1–4 алгоритма. Пусть, например, выполняется пункт 3, другие пункты рассматриваются аналогично. Обозначим f(X)= s1'(X) + s2'(X) минимизируемую цену в задаче о среднем дереве. Обозначим X1 и X2 поддеревья с корневыми рёбрами t1 и t2, вложенные в подсети Sz1 и Sz2. Их клады – некоторые множества A1 и A2 из B. Повторяя рассуждения из предыдущего абзаца, получим f(X) = f(X1) + f(X2) +d где d – сумма цен дупликаций в t и потерь в t_ при вложении в X поддеревьев из P. Тогда С(A,z) ( С(A1(A2, z) = С(A1,z1) + С(A2,z2) +d ( f(X1) + f(X2) +d = f(X); здесь С(A1(A2, z) – вычисление С относительно разбиения A1 и A2. Отсюда f(G(A,z)) = f(X).
The algorithm runtime. We construct sets E(A) for all A(B in a time of the order of |B|·|P|. Inclusions and intersections for sets in B are computed in a time of the order of |B|2 ·|M|. Inclusions of sets from B into clades of the network S are computed in a time of the order of |B|·|S|·|M|. All partitions of each set A(B into sets A1,A2(B are computed in a time of the order of |B|3 : for every triple A, A1, A2 of sets one checks that A1 and A2 are disjoint and |A1| + |A2| = |A|. For every A(B and every its partition into A1 and A2 one computes the number k of nodes v(P in a time of the order of |P|. The number of sets A and of partitions of A is no greater than |B|, so the total computation time for all k and for all A is of the order of |B|2 ·|P|.
At each induction step when constructing the trees G(A,z), for each A(B and each pipe z we examine at most |B| partitions of A. For each partition, the cost С is computed in a constant time. Therefore, the total construction time for all G(A,z) is of the order of |B|2·|S|. The total runtime of the algorithm is at most of the order of |B|·(|B|·|M| + |S|·|M| + |B|2 + |B|·|P| + |B|·|S|). □
Remark 1. If S is a tree, then the described algorithm can be generalized so that to take into account horizontal transfers при вычислении embedding G into S. Such an event assumes that pipes in S are divided into time layers, which often results in occurrence of nodes of degree 2; see [6]. A horizontal transfer consists in transferring an edge of G from one pipe of S into another pipe lying in the same time layer. A transfer may have a furcation at the source or do not have it (in the first case the furcation occurs in the pipe, with one of the child edges remaining in its pipe and the other being transferred). To obtain the corresponding algorithm, we need to add two more cases to the described-above algorithm. These are furcation of an edge e in z with transferring one of the child edges to another pipe in the same time layer, and transferring an edge e (without furcation) to another pipe of the same layer. In both cases it is not necessarily required that s2(A) ( z<.

1.5. Constructing the main parameter of the algorithm. Recall that М is a set of leaves in a tree G* to be constructed by the algorithm from section 1.4 (Theorem 1). The sought-for intermediate tree G* depends on a fixed collection B of subsets in М; this B is called the main parameter of the algorithm. Since the intermediate tree problem is NP-hard, any polynomial-complexity algorithm does not necessarily find an intermediate tree G** with an absolutely minimum cost which is a solution of the original problem in the unconditional setting (if P(NP). 
Given an arbitrary collection B' of subsets of M, the main parameterеr – a collection B satisfying property (*), построение которого описано в Appendix 1, при этом B contains не более, чем в |M| раз больше элементов than the original B'.

Let us extend given B' by adding images (under s1) of all clades in P and inverse images (under s2) of all clades in S; и затем перейдём к B с помощью the procedure в Appendix 1. Nevertheless, execution of the algorithm from section 1.4 with this collection B may produce the result G* with cost sometimes essentially greater than the cost of the tree G**. 
Мы укажем дальнейшее расширение the collection B', полезное в прикладных вычислениях. We first describe this extension for the case where S is a tree. Consider the trees P and S with their embedding composition s2(s1)'. For each pipe z(S, one considers the set Oz of edges in P that leave z. For each subset O'(Oz(P, one adds to B' all images s1(( {e< |e(O'}) for all O'(Oz and all z(S; and then расширяет полученное B' до main parameter B. Simulation has shown that for such B runtime of the algorithm from section 1.4 remains to be cubic but the cost C* of the tree G* reduces significantly, so that C* becomes close to the solution of the unconditional problem (data are not presented). 
If, nevertheless, the main parameter B is not sufficiently large to provide a smaller C*, we may use another mapping of P to S, which provides the minimum of duplication clusters (the definition and an efficient construction algorithm for this mapping are described in [7]). For example, the two bottom duplications in Figure 2b form a cluster in the sense of [7]. That embedding differs from our embedding s' in that duplications often occur higher than under s', which leads to increasing cardinalities of the sets Oz. If a main parameter B slows down the execution of the algorithm too much, we may, vice versa, consider the tree S with time layers, which reduces the sets Oz; in this case the definition of the embedding and an efficient construction algorithm for it are described in [6].

If S is a network, then the extension of a standard collection B0 is defined via the embedding s': P ( S constructed in Theorem 2 без учёта события ILS. Let us briefly recall the construction. Exhaustively examine all pairs consisting of an edge e(P and a pipe z(S with condition s2(s1)(e<)(z<. For each such pair (e,z), one constructs a minimum embedding of the subtree Pe into a subnetwork Sz inductively: when passing to a larger pair (e,z), one chooses the case in section 1.4 with the smallest cost. The resulting embedding is a mapping from P=Pr' to the network S=Sr, where r' and r are the root edge and the root pipe in P and in S. 

One can also adjust the collection B using an embedding which, along with duplications and losses, takes account of Incomplete Linear Sorting events; see Section 1.7 below.

Appendix 1. The procedure to construct the main parameter of the algorithm. Given a collection B', exhaustively examining sets from B' по возрастанию их мощности (при равной мощности – в произвольном порядке). Для очередного множества A выполним первый выполнимый из следующих пунктов 1–5. 

1) If there exists a partition of A into two sets A1 and A2 in B' then перейдём к следующему set A.
2) If there exist two sets A1 and A2 in current B' such that the sets A1(A and A2(A form a partition of A, рассмотрим оба случая A=Ai(A, где i=1 и i=2; and so on the all points пока не получим одноэлементные sets A. При этом на каждом шаге к B’ добавим множества, образующие разбиение A; и то же самое в следующих пунктах.
3) If there exists a set A1 in current B' such that A1(A (take A1 for which |A1| is the largest), рассмотрим оба множества A =A1 и A =A\A1; and so on the all points пока не получим одноэлементные sets в качестве A. 
4) If there exists a set A1 in current B' such that A1(A and A\(A1(A) is a partition (take A1 for which |A1(A| is the largest), then рассмотрим оба множества; and so on the all points пока не получим одноэлементные sets. 
5) Take any partition of A into two sets A1 and A2 of the same cardinality (with accuracy to 1) and so on the all points пока не получим одноэлементные sets. 
Let us estimate the procedure time for the main parameter B. Рассматривается не более |B'| множеств A из исходного B' и для каждого из них строится бинарное дерево с не более чем |M| вершинами. В каждой вершине рассматривается 5 случаев и время проверки их условий порядка не более (|B'|·|M|)2·|M|. Thus, the total time required to construct the collection B is of the order of |B'|3·|M|4. Возможен ускоренный вариант построения набора B, когда в условиях пунктов 1–4 используется не текущее B', а начальное B'. Тогда время the procedure порядка |B'|3·|M|2. □
1.6. Example of the algorithm operation. Let us show how the algorithm works using an example from [1] where S=(((a,b),c),(f,(d,e))) is a tree, P=(((a,f),c),(e,(b,d))), M={a,b,c,d,e,f}; and s1 and s2 map each leaf to itself. Let the cost of all explicit losses be 2, of all implicit losses be 1, and of all duplications be 3; and a collection B' is as follows: {a,f}, {a,f,c}, {b,d}, {e,b,d}, {a,b}, {a,b,c}, {d,e}, {f,d,e}, the set M itself, and all one-element sets in M. The embedding s': P ( S is shown as an image tree in Figure 8.
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Figure 8. Embedding s' of the tree P to the tree S.
Construct the main parameter B. The root pipe adds to B' the sets {a,b,f,d}, {a,f,e}, {b,c,d}, {c,e}, {a,b,c,f,d}, {a,c,f,e}, {a,b,d,e}, {b,c,d,e}. The left-hand child pipe adds to it the sets {a,c} and {b,c}, and the righ-hand one adds {f,d} and {f,e}. Clearly, B satisfies condition (*).

Construct trees G(A,z) for all sets A(B, z(S и z ребро-предок множества листьев A. For one-element and two-element sets A, the trees are trivial. Consider three-element sets A. For the set A={a,f,c}, the trees ((a,f),c) and ((a,c),f) have the same cost. For {e,b,d}, the tree (e,(b,d)) is of the minimum cost из двух деревьев. For {a,b,c} and {f,d,e}, the trees ((a,b),c) and (f,(d,e)) are of the minimum costs из трёх деревьев. For {a,f,e} and {b,c,d}, the trees (a,(f,e)) and ((b,c),d) are of the minimum costs из двух деревьев.

For the set {a,b,f,d} in B, the minimum cost is given by the partition into {a,b} and {f,d}; for {a,c,f,e}, by the partition into {a,c} and {f,e}; for {a,c,f,e}, by the partition into {a,c} and {f,e}; for {a,b,d,e} and {b,c,d,e}, by the partitions into {a,b} and {d,e} and into {b,c} and {d,e}, respectively.

For the set {a,b,c,f,d} in B, the minimum cost is given by the partition into {a,b,f,d} and {c}. Finally, for the whole M, the minimum cost is given by {a,b,f,d} and {c,e}. Thus, the resulting tree G* is (((a,b),(f,d)),(c,e)), the resulting cost C*=26, and the obtained embeddings s1': Р(G and s2': G(S are shown in Figure 9. In total, they contain 2 duplications and 10 losses. This is the global minimum G** of the cost of a tree G in the unconditional problem.
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Figure 9. Embeddings P → G* → S with the tree G* constructed by our algorithm for the above specified main parameter B.
For all costs equal to 1, our algorithm outputs the same tree G*. For the same input data, the algorithm from [1] has constructed the tree G=(((c,a),f),(b,(d,e))); the corresponding embeddings are shown in Figure 10. Here, in total, there are 3 duplications and 11 losses.
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Figure 10. Embeddings P → G → S with the tree G constructed by the algorithm from [1].
If we confine ourselves with the main parameter B', our algorithm constructs a tree with a cost strictly greater than in the unconditional problem; namely, 3 duplications and 11 losses; see Figure 11. In [1], there are also 3 duplications and 11 losses, but our embeddings are quite different; see Figure 10.
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Figure 11. Embeddings P → G* → S with the tree G* constructed by our algorithm for the other main parameter B.

1.7. ILS minimum embedding of a tree into a network and Theorem 2. Let G and S be any given binary tree and binary network, respectively; и s( : G → S be an embedding. The Incomplete Linear Sorting (ILS) event — ребро e(G, входящее в трубу t(S, если в t входит не меньше двух рёбер, [8]. Местом ILS события считается труба t. The ILS-cost on a pipe t(S entered by kt(1 edges from G is defined as ct = c·(kt –1), where c is the cost of a single ILS. The ILS-cost over S is defined as 
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 plus цены всех дупликаций и всех потерь в S, where t runs over pipes t(S entered by at least one edge from G; последнее записывается как t( S(. Such pipes will be called nonempty, while all others are said to be empty. Clearly, 
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, where n is the number of nonempty pipes in S. 
An ILS minimum embedding of s': G(S is defined to be an embedding with the total minimum cost of 
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, где n – число непустых труб для s', plus цены of all duplications and losses. This cost is called ILS-minimum cost of s', и выражает, насколько s'отличается от изоморфизма. 
Аналогично определим ILS event для данного множества {se : Ge ( S} вложений разных trees Ge в данную network S. Здесь наравне рассматриваются рёбра, возникающие в S от разных se. The ILS-cost множества {se} определяется по той же формуле 
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, где n – число труб, непустых хотя бы для одного из вложений se, plus цены всех дупликаций и всех потерь в S. Множество {se} is called ILS minimum set of embeddings если the ILS-cost множества {se} минимальна по сравнению с любым множеством {re : Ge ( S} вложений данных Ge в S с некоторыми условиями на все se and re. This cost is called ILS-minimun cost of {se}.
A bridge в S называется труба t, для которой любой путь из суперкорня в кладу t< содержит t. В нашем случае это эквивалентно условию: t is a pipe such that its removal makes the undirected graph corresponding to S disconnected. Листовая труба всегда является мостом. A block in S is an inclusion-maximal множество вершин in S for which the induced subgraph does not contain a bridge. Два блока совпадают или не пересекаются. Например, на рисунке 6 мосты – это pipe u7-u6, корневая и листовые pipes; а блоки – суперкорень, листья и два дополнения без корневой и листовых труб к ребру u7-u6. Note that blocks of a network S form a rooted but now nonbinary tree. For a network S of level k any block contains at most k hybrid nodes. Такое k измеряет удалённость S от дерева.
Скажем, что труба t входит в блок B, если B содержит её конец t–, но не её начало t+; такое t единственно для B и является мостом в S. Труба t выходит из B, если B содержит её начало t+, но не её конец t–; выходящих труб может быть много и все они мосты в S. Ниже для любой pipe t(S подразумевается единственный блок Bt в S, для которого t– (B; хотя при этом рассматривается вложение Ge ( St. Отображение t ( Bt между входящими трубами t и блоками B в S (кроме суперкорня) взаимно однозначное. 
For an arbitrary nonempty set A of leaves in an arbitrary network S, E(A) is defined exactly as above when S is a tree. Namely, for an edge e(G the relation e(E(A) means: s(e<)(A and there is no e1(G for which e1>e and s(e1<)(A. It is easily seen that for any edge e entering a pipe t(S it is valid e(E(t<) or (e'>e (e'(E(t<)). Как отмечалось выше, если S дерево, то в заключении остаётся только один член дизъюнкции e(E(t<). 
Let us s( : G(S be an embedding, and denote: 

(*) the each nonroot pipe t which is a bridge in S is entered by precisely edges from E(t<).
We have proved the following 
Theorem 2. Let s: G0 ( S0 be an arbitrary mapping from leaves of a binary tree G to leaves of a binary network S. The algorithm has been constructed which outputs an ILS minimum continuation s': G → S of s with the property (*). Its runtime is of the order of |G|·|S|·k·24k, where |·| is the number of nodes in the tree or network and k is the level of the network S. It is exact if цена of single ILS не меньше суммы цен дупликации и явной потери.
In [8] there was suggested a construction algorithm for a minimum (with respect to ILS events only) embedding of a tree into a network of level 1. Also, in [8] (section “Conclusion”), there was outlined a method to generalize that algorithm to the case of a network of any level k. Our algorithm uses the idea from [8] combined with ideas of the algorithm of Theorem 1. 
Denote by cd, el, il, and ci, respectively, the costs of duplication, explicit loss, implicit loss, and ILS event. 
Claim 1. If ci ( cd + el, then there exists an ILS minimum embedding s*: G → S such that the property (*) is valid. 
Proof. Пусть s' любое ILS minimum embedding. Последовательно перестроим s' до искомого вложения s*, для этого в произвольном порядке переберём все nonroot bridges t(S. Алгоритм, который строится, не используется в дальнейшем, т.е. Claim 1 нужна только как теорема существования. А именно, в доказательстве Теоремы 2 строится вложение s': G → S, которое обладает свойством (*) и минимально среди вложений со свойством (*); в силу Claim 1 оно будет абсолютно минимальным.
Доказательство от противного. Пусть t(S и выполняется:

(**) the edge e1(G входит в t, e1(E(t<) и e1 наиболее далёкое от корня ребро с этими двумя свойствами. 
Покажем, что сестринское к e1 ребро e2 также удовлетворяет всем трём условиям, и перестроим s' таким образом, чтобы получилось снова минимальное вложение s( и оба e1 и e2 не входили в t, при этом появляется одно новое ребро, входящее в t; и число рёбер, входящих во все другие трубы, не увеличивается. Будем повторять такую перестройку до тех пор, пока находится ребро e1, удовлетворяющее условию (**). 
Итак, выберем e'>e1 (e'(E(t<), такое e' единственное. Рассмотрим путь (, от корня через рёбра e' и e2 до некоторого листа, и путь ( из труб, содержащих путь (; при этом ( заканчивается в t<. Тогда ( проходит через t. Пусть некоторое ребро e3 на ( входит в t. Оказывается e3 = e2. Действительно, на пути ( в силу выбора e1 ребро e3 не может лежать ниже e2 и, поскольку e1 входит в t, не может лежать выше e2. Итак, e1 и e2 входят в t и разветвляются от некоторого ребра e, т.е. разветвляются в вершине e– (G. Пусть z = s'(e–). 
If z is a pipe, then e1 and e2 appeared in z as a result of a duplication and entered child pipes of z, either both entered the same pipe z1 or each one entered its own. In the first case the duplication can be moved в z1, child of z, thus reducing the numbers of losses and ILS events при вычислении the embedding cost of s'; in the second case, the duplication can be eliminated by moving it to z–. In both cases the cost of так полученного нового вложения becomes strictly less, which contradicts the minimality of s'. The case that z is a hybrid node is impossible.
If z is a tree-type node, then the edges e1 and e2 arise in z and продолжаются до t. Рассмотрим новое вложение s(, которое отличается от s’ только тем, что s((e–) =t, and draw a path pe along any of the paths pe1 or pe2; see Figure 12. 
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Figure 12. (a) Fragment of a network with a given embedding s' when there is ILS event at t+. (b) The same fragment with the new embedding s( when there are loss at z and duplication at t.
For s( one explicit loss appears at z. In the node t+, one ILS event is replaced with a duplication at t and loss at z. The embedding cost does not increase, but now the number of edges e entering t is less by 1, а число рёбер, входящих в любую другую трубу, не увеличилось. By repeating this modification, we find the desired ILS minimum embedding s*. □
Пусть фиксировано множество D гибридных труб в сети S. Для вложения s( : Ge → St поддерева G с корневым ребром e в подсеть St с корневой трубой t, блок Bt (S называется D-согласованным, если D равно множеству непустых гибридных труб в Bt. Для того же вложения s( обозначим N(t,D) множество всех непустых труб в Bt. В дальнейшем мощность этого множества играет важную роль.
Для множества M = {Ge ( St : e(X} вложений поддеревьев в фиксированную подсеть, где X фиксированное множество рёбер G, блок Bt(S называется D-согласованным, если D равно множеству гибридных труб в Bt непустых хотя бы для одного вложения из M. 
Claim 2. Let e(G, t(S and Bt be a block in S with t– (Bt. We construct алгоритм, который by any leaf mapping s: Ge → St and множеству D гибридных труб в блоке Bt(S outputs the set Y, для которого Y = N(t,D), если существует continuation s( : Ge → St of s, которое D-согласует Bt. Время работы алгоритма порядка |Bt|. 

Proof. Пусть такое s( существует. Алгоритм перебирает мосты, выходящие из Bt, и отмечает, какие из них пустые. Для этого используется, что мост x, выходящий из Bt пуст относительно s(, если и только если клада x не пересекается с s((e<). Затем алгоритм перебирает древовидные трубы x(Bt от листьев к корню, помечая x как пустую, если и только если x=t или обе child pipes of x пустые; при этом пометки гибридных труб известны по условию. □
Для любого вложения листьев s0: G0 → S0 удалим из S подсеть of каждой pipes такой, что её клада не пересекается с s0(G0), а сестринская клада пересекается. В так полученном графе S' объединим максимальные по длине последовательности pipes t1 >  … > tn (ti+1 is a child pipe to ti) в S, для которых (при 1(i(n–1) удалено по одной дочерней подсети, в «составную» трубу t, которую назовём новой; так полученную бинарную сеть обозначим снова S'. Для каждой новой трубы в S' обозначим l(t)=n(2, и для остальных труб в S' обозначим l(t)=1. Листовые отображения s0: G0 → S0 и s0: G0 → S'0 совпадают.
Для бинарной сети S' определим новую задачу о минимальном вложении. Поиск минимального вложения s’: G → S заменим на поиск минимального вложения s’: G → S'. Второе удобно тем, что для каждой tree-type pipe t(S' имеются ребра e1 и e2, которые входят, соответственно в child pipes t1 and t2. Кроме того, мощность сети S' не больше, а типично меньше мощности сети S.
Итак, неявной потерей в S' назовём пару (е,t), где ребро e входит в новую трубу t(S'; если новой является корневая труба r(S', то e корневое ребро в G. Таким образом, нескольким неявным потерям в прежнем смысле соответствует одна неявная потеря в новом смысле. Цену новой неявной потери положим равной il ·(l(t)–1), где il цена одной неявной потери, равная её прежнему значению. Местом неявной потери считаем трубу t. Явная потеря и дупликация определяются как прежде и имеют прежние цены el и ed. ILS событие определяется как прежде, это – труба, в которую входит строго больше одного ребра. Однако, цена нового ILS события на трубе t равна ci·(kt –1)·l(t), где kt – число входящих в t рёбер. Эту цену разобьём на два слагаемых, первое ILS-слагаемое и второе ILS-слагаемое, ci·(kt –1) и ci·(kt–1)·(l(t)–1). Цена нового ILS события над сетью S равна 
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, где kt(1 и n – число непустых труб в S'. Здесь также будем различать первое ILS-слагаемое и второе ILS-слагаемое. ILS minimum continuation и ILS minimum cost определяются как раньше с учётом всех перечисленных выше событий. Итак, новая задача состоит в том, чтобы найти an ILS minimum continuation s': G → S’ of s0 with the property (*). Эта задача представляет интерес в связи со следующей
Claim 3. По решению новой задачи линейным по времени алгоритмом строится решение прежней задачи со свойством (*).
Proof. Пусть s’: G → S' решение новой задачи для новой сети S' и его ILS minimum cost равна c. Определим вложение s: G → S для прежней задачи, оставив значения s(g) = s’(g) для всех s’(g), кроме s’(g)=t, где t новая труба в S'. В последнем случае s(g) = tn, где tn(S самая нижняя труба в t(S'. ILS cost of s также равна c. Допустим, что существует решение s*: G → S исходной задачи с ILS minimum cost c’ < c. Тогда определим вложение s** : G → S’, оставив значения s**(g) = s*(g) для всех s*(g), кроме s*(g)=ti, где ti – часть новой трубы t. В последнем случае s**(g) = t. Но ILS costs of s* и s** равны. Проверим свойство (*) у вложения s. Рёбра, входящие в любую t относительно s’, относительно s входят в t (если t старая) или в t1, t2,…, tn (иначе). Поскольку E(t<) = E(t1<) = … = E(tn<), то в любой мост t(S входят в точности рёбра из E(t<). □
Полученную сеть будем обозначать снова S, её размер порядка k·|G|, где k уровень исходной или, то же самое, полученной сети.
Для данного вложения s( : Ge → St назовём B-cost of блока B суммарную цену всех событий в B, а также дупликаций и неявных потерь в трубе t. Для данного a set {se : Ge → St} вложений назовём B-cost of блока B суммарную цену всех событий в B, а также дупликаций и неявных потерь в трубе t, возникших от всех этих вложений se. 
For an arbitrary set D of hybrid pipes in Bt, by a D-minimum embedding we call embedding s( : Ge → St, удовлетворяющее свойству (*), D согласует блок Bt, and having smallest Bt-cost among all embeddings Ge → St satisfying этим двум свойствам. Такое s( обозначим s(e,t,D), а её Bt-cost обозначим C(e,t,D). If there are no any such s(, we say that a D-minimum embedding is not defined.
Для множества {Ge|e(E(t<)}, by a D-minimum set of embeddings we call a set {se : Ge → St} of embeddings, удовлетворяющее свойству (*), и D согласует блок Bt, and having smallest Bt-cost among all sets {re} satisfying этим двум свойствам. Эту Bt-cost обозначим c(t,D), и обозначим s(t,D) само D-minimum set. 
Обозначим c(t) минимум c(t,D) по всем указанным выше D, который достигается на некотором D0, и положим s(t) = s(t,D0). Если |Bt|=1, то D=(. If t is a bridge, s(t) is called a bridge set, а его элементы bridge embeddings. 
Результат теоремы 2 состоит в построении множества s(r), где r корневая труба в S, and s(r) состоит из одного вложения, которое является искомым ILS minimum continuation s': G → S.
Algorithm for ILS minimum embedding of a tree G into a network S. По индукцией на прямом ходе алгоритма строим С(e,t,D) и на его обратном ходе могли бы построить s(e,t,D), хотя последнее излишне. The usual linear order on these pairs is fixed: pipes t from the leaves to the root, and for each fixed t we look through edges e from the leaves to the root. 
For each pair (e,t), with properties s(e<)(t< (if t is not a bridge) or e(E(t<) (otherwise), and for each set D of hybrid pipes in Bt, we find a D-minimum embedding s(e,t,D) of Ge → St and its Bt-cost, or notice that they are undefined. We denoted this Bt-cost by С(e,t,D), and for this embedding, denote the set of nonempty pipes in Bt by N(e,t,D). Также, для каждой пары (e,t) строим список D(e,t) разрешённых множеств D.
Для произвольного множества труб M определим 
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. By Claim 2, the set N(t,D) строится линейным от |S| алгоритмом by the set D, что позволяет для каждой t(S и любых множеств D1, D2 за время порядка |S|2·24k вычислить значения f(N(t,D1) ( N(t,D2)) и f(N(t1,D1) ( N(t2,D2)), где t1 и t2 – дети t. Именно эти пересечения используются в дальнейшем. 
Induction base for constructing D-minimum embedding and bridge embedding of Ge → St: for a leaf pipe t–(Bt and a leaf edge e(G, D(e,t)={(} and the embeddings are trivial, its B-cost being С(e,t,D) = il·(l(t)–1). 

Induction step for D-minimum embeddings. Consider the following four cases, analogous to those considered in Section 1.4, where U(e,t,D) по доказательству, которое приведено ниже, окажется равным the B-costs of the определяемых ниже embeddings. В пунктах 1-4, вычисления выполняются, если все указанные в них значения определены, а указанные там условия выполнены. Recall that D is a set of hybrid pipes in B.
1) Assume edge e leaves t and “swings” to the child pipe t1 at a furcation in S, and t1(D (if t1 is a hybrid pipe) or e(E(t1<), D=( (if t1 is a bridge) or D любое (if t1 is a tree -type pipe and is not a bridge). The embedding continues (согласно e+ ( t) an already known (D\t1)-minimum (if t1 is not a bridge) or bridge (otherwise) embeddings of Ge ( St1. Its B-cost, respectively, U(e,t,D) = U(e,t1,D\t1) + el + il·(l(t)–1) если D\t1(D(e,t1), or U(e,t,D) = el + il ·(l(t)–1). Symmetric case for t2. For each e, t, D если в этом пункте или в одном из below-listed cases U(e,t,D)<(, заносим D в список D(e,t).
2) Assume edge e forks in t into e1 and e2. Exhaustively examine all pairs (D1,D2) where D1 and D2 are any sets of hybrid pipes in B такие, что D1(D(e1,t), D2(D(e2,t). For each D'= D1 ( D2 (Bt we set the initial value of U(e,t,D')=(. For every (D1,D2) compute

V = U(e1,t,D1) + U(e2,t,D2) + ci·f(N(e1,t,D1) ( N(e2,t,D2)) + cd + il ·(l(t)–1).

If V is strictly less than the current value of U(e,t,D') for D' = D1 ( D2, set U(e,t,D') = V. В частности, we compute U(e,t,D).
3) Assume edge e forks at a furcation in S, t1 is entered by edge e1, and t2 is entered by e2. For each D' we set the initial value of U(e,t,D')=(. If t1 and t2 are not bridges, exhaustively examine all pairs (D1,D2), where D1 and D2 are sets of hybrid pipes in B такие, что D1(D(e1,t1), D2(D(e2,t2). For every (D1,D2) compute

V = U(e1,t1,D1) + U(e2,t2,D2) + ci·f(N(e1,t1,D1) ( N(e2,t2,D2)) + il ·(l(t)–1).
If V is strictly less than the current value of U(e,t,D') for D' = D1 ( D2 ( {t1,t2}, set U(e,t,D') = V. Здесь по определению множество {t1,t2} включает только гибридные трубы.
If exactly one of the pipes t1 and t2 is a bridge (assume that this is t1), exhaustively examine each sets D2 of hybrid pipes in B такие, что D2(D(e2,t2). For D2, if e1(E(t1<) compute V = U(e2,t2,D2) + il ·(l(t)–1), and if V is strictly less than the current value of U(e,t,D2({t2}), set U(e,t,D2({t2}) = V. Здесь аналогично множество {t2} включает только гибридные трубы.
If both pipes t1 and t2 are bridges, e1(E(t1<), and e2(E(t2<), set U(e,t,() = il ·(l(t)–1). В частности, we compute U(e,t,D).

4) Assume edge t' leaves t and enters its unique child pipe t1 and t1(D (if t1 is a hybrid pipe); e(E(t1<) and D = ( (if t1 is a bridge). Then the embedding continues (согласно e+ ( t) an already known (D\t1)-minimum (if t1 is not a bridge) or bridge (otherwise) embedding of Ge (St1, and U(e,t,D) = U(e,t1,D\t1) + il ·(l(t)–1) если D\t1(D(e,t1), or U(e,t,D) = il ·(l(t)–1).

Choose an appropriate case that has the minimum B-cost U(e,t,D) and memorize it, as well as the sets D1 and D2 in Cases 2 or 3. These will be used in the further backward pass of the algorithm, which will result in the construction of a s(e,t,D) embeddings. Нет необходимости вычислять U(e,t,D) для всех e, t, D; эти значения нужны только для аргументов, удовлетворяющих указанным условиям, которые необходимы при выполнении следующего пункта алгоритма. Как доказано ниже, C(e,t,D) = U(e,t,D); и соответственно обратный ход алгоритма находит вложения s(e,t,D): Ge ( St.
5) Induction step for bridge embeddings after the corresponding construction step for D-minimum embeddings. Let t be a bridge. По свойству (*), см. ниже доказательство Теоремы 2, в t входят в точности рёбра из E(t<). Arbitrarily order edges e1, e2, e3,…,em ( E(t<). Similarly to what was done in Case 2 (but without the cd term), by exhaustively examining pairs sets D1, D2 гибридных труб в B, где D1(D(e1,t), D2(D(e2,t), for every D = D1 ( D2 we find такие D1' и D2', которые соответствуют a D-minimum two-element set M2 = {Ge1 ( St, Ge2 ( St} of embeddings. Точнее, для каждого D минимизируем по D1 и D2, где D=D1(D2, величину V в формуле из Case 2 без слагаемого cd, т.е. 

V = U(e1,t,D1) + U(e2,t,D2) + ci·f(N(e1,t,D1) ( N(e2,t,D2)) + il ·(l(t)–1.
Пусть минимум V конечен и достигается на D1' и D2'. Обозначим его U(e1,e2,t,D) и занесём D в список D(e1,e2,t) разрешённых множеств. Заметим, что само множество M2={s(e1,t,D1'), s(e2,t,D2')} при этом не используется. Пусть D1'= f21(D) и D2'= f22(D). Again examining pairs D1, D2, где D1(D(e3,t), D2(D(e1,e2,t), for every D = D1 ( D2 we find такие D1'' и D2'', которые соответствуют a D-minimum 3-element set M3 ={Ge1 ( St, Ge2 ( St , Ge3 ( St} of embeddings. Точнее, для каждого D минимизируем по D1 и D2, где D=D1(D2, величину 
V = U(e3,t,D1) + U(e1,e2,t,D2) + ci·f(N(e3,t,D1) ( N(e1,e2,t,D2)) + il ·(l(t)–1.
Пусть минимум конечен и достигается на D1'' и D2''. Обозначим его U(e1,e2,e3,t,D) и занесём D в список D(e1,e2,e3,t) разрешённых множеств. Заметим, что при этом само множество M3 = {s(e1,t,f2,1(D1'')), s(e2,t,f2,2(D1''), s(e3,t,D2'')} не используется. Proceeding further in this way с вычислением U(e1,e2,…ei,t,D), for each D we construct a D-minimum set Mm = {Ge1( St, Ge2( St, …, Gem( St} of embeddings, denoted by s(t,D). Множество s(t,D) содержит ровно m=|E(t<)| вложений, где m число рёбер, входящих в t.
Choose a bridge set s(t) = s(t,D0) with the minimum U(e1,e2,…em,t,D) over all D. For t = r, the root pipe, this set s(r) consists of a single element, which is the desired embedding s': G → S with the minimum B-cost. ILS-minimum cost s' равна по всем мостам t(S сумме Bt-cost of множеств s(t) plus цены ILS событий, где Bt соответствует t. □
Proof of Theorem 2. To prove exactness of the algorithm, сначала покажем, что формулы в алгоритме для вычисления U(e,t,D) выдают Bt-cost соответствующих вложений, которые, очевидно, D-согласуют блок Bt. For Cases 1 and 4, note the following: the embedding Ge → St, as compared to the embedding Ge → St1, has one nonempty pipe (t1) more and one entry (into t1) more. Therefore, the первое ILS-слагаемое is the same for both embeddings. Это верно и для второго ILS-слагаемого, поскольку оно равно 0 в t. For Case 3: the embedding Ge → St, as compared to the union of embeddings Ge1 → St1 and Ge2 → St2 has two nonempty pipes (t1 and t2) more and two entries (into t1 and t2) more. Therefore, the первое ILS-слагаемое of the embedding Ge → St and of the union Ge1 → St1 and Ge2 → St2 are the same if pipes that are nonempty for both embeddings of the union are counted once each time. Аналогично, второе ILS-слагаемое of the embedding Ge → St and of the union are the same if pipes that are nonempty for the embeddings are counted l(t)–1 times. This explains the presence of the term ci · f(N(e1,t1,D1) ( N(e2,t2,D2)) or, in Case 2, ci·f(N(e1,t,D1) ( N(e2,t,D2)) in the expressions for C. Также, для случая 2 проверим, что в формуле для V можно использовать величины U(e1,t,D1)=С(e1,t,D1) и U(e2,t,D2)=С(e2,t,D2), т.е. считать вложения Ge1 → St и Ge2 → St, соответственно, D1-минимальным и D2-минимальным. Действительно, минимальная Bt-cost достигается на некотором вложении s: Ge → St, которому соответствуют некоторые вложения s1: Ge1 → St и s2: Ge2 → St с некоторыми D1 и D2. Если, например, s1 не D1-минимально, то заменив его на D1-минимальное, строго уменьшим Bt-cost вложения s, противоречие. Отметим: здесь используется независимость N(t,D1) от вложения Ge1 → St, D1-согласующего блок Bt. Корректность использования величин U(e1,t1,D1)=С(e1,t1,D1) и U(e2,t2,D2)=С(e2,t2,D2) в случае 3 доказывается аналогично. Все рассуждения, обосновывающие случай 2, дословно повторяются для обоснования того, что в индуктивном шаге для мостовых вложений каждое Mi D-минимально и U(e1,e2,…ei,t,D) – его Bt-cost. В частности, это верно для мостового множества Mm.
Докажем индукцией от листьев к корню, что для любого моста t построенное мостовое множество s(t) ILS минимально; тогда, в частности, таково s'. Для листовых труб это очевидно, пусть t – нелистовая. Суммарная цена событий для s(t) разбивается на три слагаемых: Bt-cost, суммарная цена событий в подсетях St’ для мостов t’, выходящих из Bt, и цена ILS события в t. Из построения s(t) вытекает минимальность первого из этих слагаемых. Индуктивное предположение о ILS минимальности мостовых вложений для t’, удовлетворяющих свойству (*), влечёт минимальность второго из них. Из свойства (*) для t следует постоянство третьего из них, равного ci·(|E(t<)|–1)·l(t).

Проверим свойства (*) для вложения s’. Для вложений s(e,t,D) выполняется свойство (*)’: если e’ входит в мост t’, то e’(E(t’<). Действительно, условия, указанные в пунктах 1–4 обеспечивают это свойство для мостов, выходящих из B. После чего оно доказывается индукцией по построению s(e,t,D). Поскольку каждый элемент мостового множества – одно из s(e,t,D), свойство (*)’ выполнено и для мостовых множеств, в частности, для s’. Теперь (*) следует из того, что для любого моста t и любого e(E(t<) путь в G из корня в лист, проходящий через e, содержит ребро, входящее в t.
The algorithm runtime. For each pair (e,t) in the construction of a D-minimum embedding we look through at most 2k sets D, or at most 4k pairs (D1,D2). If t is a bridge pipe, it additionally requires at most |E(t<)|·24k pairs (D1,D2), which yields the overall estimate of the order of |G|·|S|·k·24k. □

Замечание 1. Минимальные вложения дерева в сеть с учётом и без учёта события ILS могут различаться. Например, пусть дерево G=(l1,l2), а сеть S показана на рисунке 12 со следующими исправлениями: внизу единственный лист l, а боковые ответвления в S продолжены до корня (добавлены два ромба). Тогда минимальное вложение G → S без учёта ILS показано на рисунке 12a (дупликаций и потерь нет, одно ILS), а минимальное вложение с учётом ILS (если цена дупликации меньше цены ILS) – на рисунке 12b (ILS и потерь нет, одна дупликация).

Замечание 2. Можно поставить задачу построения минимального вложения s': G → S без предположения, что оно является продолжением какого-то листового отображения s. Если при её решении не учитывать ILS события, то такое вложение строится стандартно: перебором пар (ребро e, труба t) и выбором для каждой пары лучшего из четырёх случаев, приведённых в разделе 1.4, при этом условие s'(e<)(t< нельзя использовать. Авторам неизвестен полиномиальный алгоритм построения минимального вложения s' в этой постановке с учётом ILS (даже, если S – дерево).

1.8. Пример работы алгоритма. Покажем работу алгоритма на примере сети S с корнем r и дерева G=(c,(a,d)),b) с корневым ребром r, приведённых на рисунках 6 и 13. Пусть цена дупликации равна 3, потери 2, ILS события 5. Обозначим блоки: B1 ={u1,u2,u3,u4,u6} и B2 ={u5,u7,u8,u9,u10,r}. Соответствующие множества гибридных труб: H1 ={u3-u1, u4-u1, u3-u2, u4-u2}, H2 ={u7-u5, u10-u5, u9-u8, r-u8}. На рисунке 13 показано ILS минимальное вложение s': G ( S. А именно, рёбра из G показаны красным вдоль труб в S. В частности, ребро e2 кончается дупликацией. ILS cost of s' равна сумме B1-цены, B2-цены и ILS cost в трубе u7-u6, т.е. 8+9+1=18. 
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Figure 13. Дерево G и его вложение s' (красным) в сеть S, построенное нашим алгоритмом. В трубе u7 имеется дупликация. Сеть S была показана на рисунке 6.
Алгоритм перебирает трубы t(B1. Для них условию s'(e<)(t< могут удовлетворять только листовые рёбра c и d из G. Для пар (c,t) и (d,t) существует не более одного множества D в зависимости от выполнения этого условия. Если D определено, существует вложение s(c,t,D) или s(d,t,D). Например, D={u3-u1} для пары (d,u6-u3). Далее, алгоритм строит D-минимальные вложения для моста t=u7-u6. Для него условию (*) удовлетворяют только рёбра c и d. Для пар (c,t) и (d,t) имеются по два множества D, для которых определены вложения s(c,t,D) и s(d,t,D). Например, это множества {u3-u1} и {u4-u1} для пары (d,t). Для них вложение тривиальны. Аналогично для пары (c,t).
Затем алгоритм строит мостовое множество для моста t=u7-u6. Для этого алгоритм упорядочивает рёбра из E(t<)={c,d}. Как уже отмечалось, для пар (c,t) и (d,t) существуют по два D с соответствующими вложениями s(c,t,D) и s(d,t,D). Алгоритм рассматривает 4 пары (D1,D2): ({u3-u2},{u3-u1}), ({u4-u2},{u4-u1}), ({u3-u2},{u4-u1}), ({u4-u2},{u3-u1}). Первая пара даёт непустую для обоих вложений s(c,t,D1) и s(d,t,D2) трубу u6-u3. Вторая пара даёт непустую для обоих вложений s(c,t,D1) и s(d,t,D2) трубу u6-u4. Третья и четвёртая пара не даёт труб, непустых для обоих вложений. Таким образом, первые две пары определяют мостовое множество с ILS событием, а последние две – без него. Соответственно, B1-cost двух первых мостовых множеств равна 13 (четыре потери и ILS), а двух последних 8 (четыре потери). Из двух последних пар алгоритм выбирает любую, на рисунке 13 выбрана пара ({u4-u2},{u3-u1}). 

Алгоритм перебирает трубы из B2. Для труб t из множества {u7-u5, u10-u5, u9-u8, r-u8} любого e вложения s(e,t,D) тривиальны и определены только для D = ( или не определены. Рассмотрим трубу t=u9-u7. Для неё условию s'(e<)(t< удовлетворяют рёбра a, c, d, e1 и e2 из G. Для первых трёх из них вложения тривиальны. Для e1 вложение определено для единственного D={u7-u5}, и алгоритм выбирает случай 3 (разветвление на развилке) с минимальной B2-cost, равной 0. Для e2 вложение определено при единственном D={u7-u5}, и алгоритм выбирает случай 2 (дупликация в t) со ссылками на уже рассмотренные пары (c,t) и (e1,t). B2-cost вложения s(e2,t,D) равен 2+0+3=5. Рассмотрим трубу t=u10-u9. Для неё условию s'(e<)(t< удовлетворяют все e(G. Для листовых рёбер вложения тривиальны. Для e1 вложение определено при единственном D={u7-u5}, алгоритм выбирает случай 1 со ссылкой на уже рассмотренную пару (e1,u9-u7), B2-cost равна 2. Для e2 множество D и выбранный случай такие же, B2-cost равна 7. Для r единственное D={u7-u5,u9-u8}, алгоритм выбирает случай 3 со ссылками на уже рассмотренные пары (e2,u9-u7) и (b,u9-u8), B2-cost равна 7+0=7. Рассмотрим трубу t=r-u10. Для неё условию s'(e<)(t< удовлетворяют все e(G. Для листовых рёбер b, c, d вложения тривиальны. Для ребра a имеем два D={u10-u5} и D={u7-u5}, для каждого из них вложение тривиально. Для e1 имеем те же два D, для первого из них алгоритм выбирает случай 3, для второго – случай 1, обе B2-cost равны 4. Для e2 имеем D={u7-u5} и случай 1, B2-cost равна 9. Для r имеем D={u7-u5, u9-u8} и случай 1, B2-cost равна 9. Рассмотрим корневую трубу t=s-r. Для неё рассматриваем только корневое ребро r. Имеем два D: D1={r-u8,u7-u5} и D2={u9-u8,u7-u5}. Для D1 алгоритм выбирает случай 3 с B2-cost равной 9, для D2 – случай 1 с B2-cost равной 11. Поскольку B2-cost для D1 меньше, в качестве итогового s’ алгоритм выбирает вложение s(r,s-r,D1), рисунок 13.
2. Reconstruction of Structures along a Tree
2.1. Problem setting and main results. A structure is a directed graph consisting of paths (excluding isolated nodes) and cycles, including loops. Its edges are assigned with unique names; one may assume the names to be positive integers. An extremity is a tail or a head of an edge. A join of two nodes consists in identifying them, and a cut is the operation inverse to the join; see Figure 14. Иногда вместо join говорят: merge, identify, glue.
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Figure 14. Join (from left to right) and cut (from right to left) of extremities x and y of edges i and j in a structure. The join of the extremities x and y (as two separate nodes in the structure) consists in identifying them as a node z, and the cut means that a node z in a structure is replaced with separate extremities x and y of edges i and j. 

There are four operations over a structure, which are called SCJ operations: cut of its node of degree 2, join of two its nodes of degree 1, deletion of an isolated edge, and insertion of an isolated edge. Each operation is assigned a strictly positive rational number called the cost of the operation. The SCJ distance from a structure a to a structure b is the minimum total cost of operations required to transform a into b. It is easily seen that the SCJ distance equals the weighted sum of the number of pairs of extremities joined in a but not in b, joined in b but not in a, the number of edges that are present in a but not in b, and the number of edges that are present in b but not in a. 

Also, there is another set of operations over a structure, now consisting of six operations, which in the context of the present paper will be called DCJ operations, though usually this term refers to the first four of them. These are the following operations: cut of a node of degree 2 of the structure, join of two its nodes of degree 1, double and sesquialteral intermerging, deletion and insertion of a connected fragment of edges. The first two operations are the same as above. The last two are the following: deleting a whole component of a structure (path or cycle) or adding a fragment as a separate component; another option is as follows: such a fragment is cut at its extremities, then it is deleted, and the remaining extremities (if they are two) are joined again; respectively, a node of degree 2 in a structure is cut (or it is a node of degree 1) and the fragment is joined by its extremities (or its extremity) to the obtained extremities (or to the existing extremity). These two operations are generalizations of the corresponding SCJ operations. The third and fourth operations are compositions of the first two. Double intermerging (denoted by DM) consists in cutting a pair of nodes of degree 2 and joining the extremities thus formed with each other. Sesquialteral intermerging (denoted by SM) consists in cutting a node of degree 2 and joining one of the extremities thus formed with a node of degree 1. Quite similarly to the above, each of these operations is assigned with a cost, and the DCJ distance between structures a and b is defined. These operations have long been studied; their detailed description with corresponding figures and historical references can be found in a large number of papers and surveys, e.g., in [9–11].

A structure is called cyclic if it consists of cycles only. A set of structures is said to be of equal content of names if all structures in it have the same set of names. For any tree, an arrangement over it is an assignment of a structure to each node of the tree. Arrangements are considered to be specified at leaves, and the problem is to find structures at interior nodes of the tree so that the resulting arrangement is a minimum of a given functional defined on all arrangements over the given tree. Here, as such a functional, we consider the sum of lengths of all edges of a tree, where the length of an edge is the distance between the structures at its endpoints. As a distance, we consider the SCJ or DCJ distance; where each edge направлено от корня к листьям дерева. The value of this functional is called the cost of the arrangement. An arrangement with the lowest cost is said to be minimum, and its cost is referred to as the minimum cost, which is also sometimes called the global minimum. An arrangement is said to be locally minimum if replacing a structure at any interior node of the tree with any other does not reduce the cost of the arrangement. 

A star-like tree (or simply a star) is a tree consisting of a root and leaves to which the root is connected. A two-star tree is a tree with two interior nodes (denote them by r and u) such that the root r is connected with arbitrarily many leaves and u is connected with only two leaves; see Figure 15.
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Figure 15. Two-star tree. Каждое edge дерева направлено от его корня к листьям.
Setting of the SCJ and DCJ reconstruction problems. Given: a rooted tree, not necessarily binary, to each leaf of which there is assigned a loopless structure; and arbitrary strictly positive costs of all SCJ or all DCJ operations. Find: an arrangement (at interior nodes of the tree) such that the sum over all edges of the tree of SCJ or DCJ distances between structures at the endpoints of an edge is minimum. These essentially different reconstruction problems are referred to as, respectively, SCJ or DCJ reconstructions.

We distinguish a cyclic reconstruction problem, where all structures specified at the leaves are cyclic, and only cyclic structures can be attributed to internal nodes (i.e. only cyclic arrangements are considered). Such reconstruction problems will be called cyclic. In a cyclic DCJ reconstruction, the SM, join, and cut operations can not be applied, and accordingly, in the set of DCJ operations there remain the DM operation and insertion/deletion of a component of a structure. 

Another particular case of the reconstruction problem is as follows: structures at the leaves are of equal content, and only arrangements with the same set of names as for the structures at the leaves are considered. In this case we speak about the equal-content reconstruction problem. In the cyclic equal-content DCJ reconstruction, in addition, the insertion/deletion operations can not be applied, and accordingly, in the set of DCJ operations there remains the DM operation only. In this case, the cost of this operation can be omitted without loss of generality.

In the reconstruction problems, we prove the following theorems, where n is the number of names in the structures assigned to the leaves and l is the number of leaves. .
Theorem 3. An exact algorithm is constructed which solves the SCJ reconstruction problem on any two-star tree for arbitrary costs of SCJ operations. The runtime of the algorithm is of the order of n2·(l + log(n)).
Recall that the SAT problem for a given conjunctive normal form (CNF) is the problem of determining whether there exist values 0 and 1 of the variables in this CNF for which the CNF equals 1, and if they do exist, giving an example of those values.

Theorem 4. An exact algorithm is constructed which reduces the cyclic equal-content DCJ reconstruction problem on any star to a sequence of length log(n·l) of SAT problems in which every CNF contains of the order of n2·l2 variables and of the order of n3·l2 disjunction terms. 

Numerous references concerning this problem can be found, e.g., in [9] and [10]. Let us present results directly related to Theorems 3 and 4. In [12], for equal costs of SCJ operations and equal-content structures, there was described an exact quadratic-time algorithm for structure reconstruction on an arbitrary tree, loops at leaves being admissible. In [13], for equal costs of SCJ operations and arbitrary content of structures, there was described an exact quadratic-time algorithm for structure reconstruction on an arbitrary tree (loops being admissible). In [10], for arbitrary costs of SCJ operations and arbitrary content of structures (but with the condition that structures do not contain loops), there was described an exact algorithm for structure reconstruction on a star. Thus, in Theorem 3 we pass from a star to a two-star tree. 

In [9] there was considered a generalization of the SCJ reconstruction problem where each pair of extremities is assigned with a weight, and when this pair is joined, its weight is added to the objective function. Also, it was proved there that this problem is NP-hard, and an FTP-algorithm for solving it was described. Namely, there was described an algorithm with runtime being exponential in one variable only; this variable reflects the number of conflicts at interior nodes of the tree when reconstructing by each pair of extremities separately (for exact formulations, see [9]). The algorithm is based on reduction to an integer linear programming (ILP) problem. 

In Theorem 4, the cyclic equal-content DCJ reconstruction problem on a star is reduced to a sequence of SAT problems. Note that reduction to a SAT solver instead of reduction to an ILP-packet is much more efficient; see [14,15]. 

2.2. SCJ reconstruction algorithm. Recall that we consider structures with no loops at the leaves. We will identify a node of a tree and a structure assigned to it. Also, we consider only edges contained in at least one leaf structure; such edges will be called admissible. Оба ограничения не уменьшают общности решения.

If an edge of a leaf structure is not present at some leaf (which is also a structure), we add it there as a loop; then the SCJ reconstruction problem reduces to the case of equal-content structures at leaves and at all interior nodes. Let the cost of joining an isolated edge into a loop be equal to the cost of edge deletion, and the cost of cutting a loop be equal to the cost of adding an isolated edge. Thus, there remain two operations only; join and cut of extremities of an admissible edge, but four costs for them are defined.

Denote the names of the extremities of the i-th edge by i1 (tail) and i2 (head). There arises a one-to-one correspondence between structures and matchings on the set (later: a graph) M of names of extremities of all admissible edges. Namely, a structure a corresponds to a matching P on M such that the extremities ik and jl are connected by an edge in P if and only if ik and jl are joined in a. 

Let us be given a two-star tree (Figure 14). Recall that an edge of a tree is considered together with the direction from the root to the leaves. An event for an unordered pair p=(ik,jl), ik(jl on an edge of the tree is passing from being joined at one end of the edge to being cut at another end of it, or vice versa. A p-scenario is a specification of being joined/cut for a fixed pair p at all interior nodes of the tree; at the leaves, this specification is already given. The cost of a p-scenario is the total cost of events with the pair p according to this specification. Заметим, что множество ( p-scenarios, образованных для всех пар p, не обязательно определяет an arrangement (at interior nodes) along of the tree; даже если ( определяет an arrangement в начале i1 ребра, то в i2 множество ( может не определять структуру, так как в i2 один край=extremity может join с двумя другими краями. Наше усилие направлено на то, чтобы исключить такую ситуацию.
Опишем SCJ reconstruction algorithm. Назовём unordered пару p допустимой, если её extremities are joined хотя бы в одном листе дерева. For each допустимой pair p, independently of other pairs of edge extremities, we inductively compute (прямой ход от листьев к корню определяемого нами алгоритма), two quantities pyes and pno. В каждом листе v полагаем pyes(v) =0, если p is joined, и pyes(v) =(, если она is not joined. Аналогично, pno(v) =0, если p is not joined, и (, если it is joined.
На индуктивном шаге вычислим: 
pyes(v), the minimum total cost of all p-scenario, начинающихся в v и provided that the pair p is joined at v, and 
pno(v), a similar quantity provided that p is not joined at v. 
Для этого на прямом ходе алгоритма для очередной вершины v дерева рассмотрим все её child nodes. Для каждого child v1 of v уже известны pv1yes, pv1no, и тогда вычислим pvyes = min(pv1yes, pv1no+c1), где c1 – цена соответствующей расклейки, и суммируем по всем childs. Например, в вершине r (см. рис. 15, 16) имеем 
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 where vi runs through all the childs of node r. Если минимум достигается на первом члене, запишем ссылку pvyes →yes, 
иначе pvyes →no, где первая запись означает “join” краёв в p в v1, а вторая – “no-join” этих краёв. Аналогично, вычислим pno = min(pv1yes+c2, pv1no), где c2 – цена соответствующей склейки, и суммируем по всем childs. Например, в вершине r (см. те же рисунки) имеем 
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 where vi runs through all the childs of node r. Если минимум достигается на первом члене, запишем ссылку 
pvno →yes, иначе pvno →no. Таким образом, пара p в v помечается значениями pvyes, pvno и двумя записями, из которых одна начинается с pvyes и другая с pvno. Эти записи используются в обратном ходе алгоритма при переходе от v к v1 после выбора pryes или prno в корне r для всех пар p. Таким образом, выбор в r является отдельной задачей, к решению которой мы переходим.
Множество M of всех extremities в одном листе дерева (или, то же самое во всех листьях дерева) рассмотрим как граф без петель со всеми допустимыми unordered рёбрами p. Если рёбрам графа M приписаны веса – рациональные или даже целые числа, то denote by w(x) the weight of any matching x on M; здесь каждое x является подграфом в M с вершинами степени 0 или 1. To each edge p in M, we can assign the weight pyes – pno and construct a minimum weighted matching P, который получается минимизацией w(x) по всем matching x в M. Таким образом at the root r the structure Pr is defined как минимальное паросочетание с весами pyes – pno, которые получены в корневой вершине r of the tree как результат прямого хода алгоритма.
Using the minimum matching Pr, for each edge p in M, by backward ход of the algorithm we однозначно define whether the pair p is joined at u, т.е. определим её specification at u. А именно, если p(Pr, то используем ссылку, начинающуюся с pv1yes; если p(Pr, то ссылку, начинающуюся с pv1no. А именно, при puyes →yes пара p будет склеена в u, а при puyes →no будет несклеена в u. Однако в отличие от Pr не ясно, определяется ли таким образом в u именно структура. In Lemma 1 it is shown that any extremity at u is joined with at most one extremity, таким образом the structure Pr at r defines some structure Pu at u. Thus, there arises an arrangement {Pr,Pu} along the tree, which is said to be final; it is the output of the algorithm. Конечно, такой обратный ход можно определить для любого дерева, но тогда Lemma 1 может не выполняться.
Denote by s(P) the set ( of p-scenarios for all unordered допустимых pairs p according to which a pair p is joined at r if and only if p(P, and a pair p is joined or not joined at u according to the above-mentioned backward ход. Here we used P at r instead of Pr. Denote by c(P) the total (over all such p) cost of p-scenarios in s(P). 

2.3. Exactness and runtime of the SCJ reconstruction algorithm. 
Denote by P0 the empty matching.

Lemma 1. For any structure P at the root node r we have c(P) = c(P0) + w(P). The minimum of c(P) is attained at Pr, которое определяет the minimum final arrangement along the tree. 
Here final means that обратный ход алгоритма определяет именно структуры, т.е. any extremity at u is joined with at most one extremity. Thus, the алгоритм defines a structure at u.
Proof. Любая минимальная расстановка не имеет любую пару p joined, если p is not joined хотя бы в одной вершине дерева. Поэтому при поиске минимальной расстановки можно, и мы это сделали, ограничиться парами p которые joined хотя бы в одной вершине дерева, т.е. ограничиться допустимыми парами p. 
Напомним, что 
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 означает, что ребро p принадлежит паросочетанию P(M, а 
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 означает, что ребро p в M не принадлежит P. The definition of pyes and pno at r implies that for any matching P in M we have
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. Therefore, the minimum of c(P) is attained at Pr, since Pr is a minimum matching.

To prove the second claim, assume that at u there are two joined pairs p1 and p2 incident to each other. At each of the three neighbors of u, at least one of the pairs p1 and p2 is not joined by the condition. Since there are exactly three neighbors, at least one of the pairs p1 and p2 (say p1) is not joined at least at two neighbors of u. Then, by making p1 not joined at u, one strictly reduces the cost of the p-scenario, which contradicts the minimality of c(Pr). So, the обратный ход defines an arrangement with cost c(Pr) over a two-star tree. Assume that there is an arrangement with a cost strictly less than this. It defines some matching P at r. c(P) < c(Pr), which contradicts the minimality of c(Pr). □
Proof of Theorem 3. Предлагаемый алгоритм состоит из трёх вышеописанных шагов: прямого хода, построения паросочетания Pr и обратного хода, который определяет Pu. Его точность следует из леммы 1.
The runtime of the algorithm is the sum of the computation time for вышеуказанных трёх шагов. Поскольку число допустимых p не превосходит nl, время первого и третьего шага is of the order of nl. A minimum matching is constructed in a time of the order of n'·m + (n')2·log(n'), where n' is the number of nodes in the graph M and m is the number of edges in it, [16] (Chapter 11). Since n'=2n and m≤n·l, this time is of the order of n2·(l + log(n)). □
2.4. Example of executing the SCJ reconstruction algorithm. A two-star tree and structures at its leaves are shown in Figure 16. Let cost of all operations be 1.
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Figure 16. Example of executing the SCJ reconstruction algorithm: input data at the leaves (по две компоненты в каждом из трёх левых листьев); all cost are unit.
At node u we have pyes(u) =0, pno(u) =2 for p=(12,22); and similarly pyes =1, pno =1 for p=(3i,11) and p=(3i,21), where i is arbitrary; pyes =2, pno =0 for other p. At node r we have pyes(r) =3, pno(r) =1 for p=(12,22);  pyes =3, pno =2 for p=(32,11) and p=(32,21); pyes =4, pno =1 for p=(31,11) and p=(31,21); pyes =3, pno =1 for the seven p that are joined at an r-leaf but not at a u-leaf; and pyes =4, pno =0 for other p. 
Weights of all edges in M are positive; therefore, the minimum matching is empty. Hence, there are no joins at the structure at r. Following the arrows, we obtain a structure at u. The resulting arrangement is shown in Figure 17; its cost is 14.
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Figure 17. Result of executing the SCJ reconstruction algorithm (output arrangement): input data at the leaves are shown in Figure 16; all cost are unit.
Now assume that the cost of a cut of any pair is 1, and the cost of a join is 4. At node u we have pyes(u) =0, pno(u) =8 for p=(12,22); and similarly pyes=1, pno=4 for p=(3i,11) and p=(3i,21), where i is any; pyes =8, pno =0 for other p. At node r we have pyes(r) =3, pno(r) =4 for p=(12,22);  pyes =3, pno =8 for p=(32,11) and p=(32,21); pyes =4, pno =4 for p=(31,11) and p=(31,21); pyes =3, pno =4 for the seven p that are joined at an r-leaf but not at a u-leaf; and pyes =13, pno =0 for other p; ненулевое слагаемое возникает только ребре (r,u) для 
пары (12,22) при вычислении pno(r).
For weights of the edges in M we obtain the following: –1 for p=(12,22); –5 for p=(32,11) and p =(32,21); 0 for p =(31,11) and p=(31,21); –1 for the seven p that are joined at an r-leaf but not at a u-leaf; and 13 for other p. A minimum matching has weight –7 and consists, for instance, of the pairs (32,11), (12,21), and (22,31). The resulting arrangement is shown in Figure 18, its cost being 49.
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Figure 18. Result (output arrangement) of executing the SCJ reconstruction algorithm: input data at the leaves are shown in Figure 16, the cost of the cut is 1, and the cost of a join is 4.
2.5. An heuristic algorithm for the cyclic case of the SCJ reconstruction problem на произвольном дереве. The authors are unaware whether an exact polynomial-time SCJ reconstruction algorithm for a structure over a two-star tree in the cyclic case is possible, even without regard of the costs. A heuristic algorithm for this case can easily be obtained by modifying the algorithm described in Section 2.2. Namely, for Pr we take a minimum complete weighted matching. After that, as described in [10], we start descending to a locally minimum arrangement by alternating replacements of complete matchings at u and at r, beginning from u. At a current node v, a matching is replaced with a minimum complete one with respect to the weights pc=pyes–pno of unordered pairs p (edges in M), where pyes is the total cost of events with the pair p on edges incident to v provided that it is joined at v, and pno is the similar cost provided that p is not joined at v. 

Let all cost be unit in the example presented in Figure 16; a minimum complete matching Pr is shown in Figure 17. One can easily check that the descent to a locally minimum can be made in one step; the resulting arrangement is shown in Figure 19, its cost being 20. In this case, the locally minimum is also global.
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Figure 19. Result (output arrangement) of executing the heuristic cyclic SCJ reconstruction algorithm: input data at the leaves are shown in Figure 16, all costs are unit.
2.6. DCJ reconstruction algorithm. In the cyclic equal-content setting (with only the DM operation), the DCJ reconstruction problem becomes NP-hard even for a tree consisting of a root and three leaves [17]. In [15] гораздо более общая проблема DCJ реконструкции точно сведена to an integer linear programming (ILP) problem. 
Здесь указанная the cyclic equal-content setting DCJ reconstruction problem is точно reduced to a sequence of SAT problems. The latter way is preferable, since presently there exist programs, called SAT solvers, which in several minutes verify the satisfiability of a formula with tens thousand variables and hundreds thousand clauses, and if it is satisfiable, output a satisfying assignment of variables; see, e.g., [14] and the Internet site http://fmv.jku.at/lingeling, where references to the corresponding programs and numerous publications can be found. In the cyclic equal-content setting we may assume без уменьшения общности the costs of operations to be positive integers, as well as costs of any arrangements. Назовём admissible любое edge в заданных структурах, которые приписаны листьям заданного дерева в DCJ reconstruction problem. One name at the leaves of the tree exactly corresponds to one admissible edge.
To describe the reduction of?for a cyclic equal-content DCJ reconstruction problem on a star with tree root r to a sequence of SAT problems, we consider an auxiliary problem: 

(*) Does there exist an arrangement (in fact, a structure at r) with a cost no greater than a given positive integer k? 
We will decide the (*) problem by finding a SATk problem such that any of its affirmative solution опиcывает a structure R at r in the (*) problem, and так полученная расстановка по=along a star является решением the auxiliary (*) проблем.
It is clear that solving this SATk problem is equivalent to solving problem (*). Because of that the smallest k* for which the corresponding SATk* problem has an affirmative solution is the lowest arrangement cost in the DCJ reconstruction problem; the corresponding arrangement is minimal. Below a reduction of the (*) problem to a SATk problem is described for every k.
Умея решать the (*) проблему для разных k, trivially решим исходную DCJ reconstruction problem. Let k1 and k2 be such that k1≤ k* ≤k2. For example, we may set k1=0 (in Section 2.8 we present a way to obtain a nontrivial lower estimate for k*) and k2=nl, where n is the number of names in leaves and l is the number of leaves в данном дереве. Given by those bounds k1 и k2, for k we take the integral part [(k1+k2)/2], and then solve the SATk problem. If the solution is affirmative, we pass to the left-hand part of the segment [k1, k2]; otherwise, to the right-hand one. We again denote this next segment by [k1,k2], and so on. In the [log2 (k2–k1)]+1 steps, we arrive at a segment k1=k2 and the desired k* = k1. 
Now we describe the conjunctive normal form CNFk, form for any given k. Но сначала опишем одну важную общую конструкцию. For two structures a and b, there was defined a graph a+b, called the breakpoint graph, see, for example, [11]. For equal-content structures a and b, the breakpoint graph can equivalently be defined более просто as follows. Consider the set М of extremities of all edges in a (or, the same thing, in b), and in the two matchings on М corresponding to the structures a and b. Then a+b is defined to be the set of edges in М consisting of the edges belonging to one of these matchings. The minimum number of DM operations required to transform one cyclic equal-content structure a into another b is n–x, where n is the number of names in a (or, the same thing, in b), and x is the number of cycles in a+b. This can easily be proved directly, but one can also find a proof in [18]. Каждое ребро в a+b соответствует паре joined extremities в a или b, и одновременно соответствует ребру в одном из двух паросочетаний в М, соответствующих структурам a и b. В графе a+b рёбра помечаются последовательно чередующимися буквами a и b в соответствии с тем, принадлежит ли это ребро, as joined pair, a или b. Если a и b циклические структуры, то a+b циклический граф. 
Because of those the cost y of an arrangement on a star is equal to y=nl–x where x is the total number of cycles (over all leaves s) in all breakpoint graphs R+s where R is a structure at the root r, and s is the given structure at a leaf s, as well as n is the number of names in leaves and l is the number of leaves in the given tree. Therefore, the existence of an arrangement with cost y(k, ref. to (*), is equivalent to the existence of a structure R in r with the total number x of cycles satisfying nl–k (x. Thus, to reduce the auxiliary problem (*) to a SATk problem, we have to construct a conjunctive normal form CNFk which is satisfiable if and only if there exists a matching R on М at r such that nl–k (x. Now we construct this CNFk that describes such R on М and estimates the total number of cycles in all R+s from below.
For every unordered pair p=(ik,jl), ik(jl of different extremities in М, we introduce a variable, also denoted by p=(ik,jl), such that at r we have: p=1 if p is joined and p=0 otherwise. A set of these variables describes the subgraph in М; it can be a matching on M and the desired structure R at r. For each leaf s, for each p joined at s and for each positive integer m, 1≤m≤nl–k, we introduce a variable psm such that psm=1 if p входит в mth cycle in the set of all cycles in all R+s, каждому m соответствует хотя бы один цикл отличный от тех, которые соответствуют другим m1 ( m; and psm=0 otherwise. In the first case, m will be called the cycle number of the pair p. If psm=1, the extremities in p are neighboring in the corresponding cycle.
Let us express that each extremity ij(М is joined with exactly one extremity, т.е. значения переменных p, на которых CNFk равна 1, задают разбиение M на циклы. Например, в M имеются 4 вершины, обозначим их 1, 2, 3, 4, и для вершины 1 запишем:
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В общем виде получим часть CNF вида (i ((1,i) ( (i' ((1,i')), где i пробегает все вершины в M, кроме 1, а i' все вершины в M кроме 1 и i. Конъюнктивно соединим такие формулы для всех оставшихся вершин в M кроме 1.
Следующие три части CNFk зависят от параметра k. We express that at every leaf s each joined pair p получает однозначно определённый номер m. Например, в листе s вершина 1 склеена с 2 и nl–k=3, т.е. 1(m(3. Тогда запишем часть CNF:
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В общем виде (m ((i,j)sm ( (m' ((i,j)sm’), где i и j are joined extremities в s, а m пробегает все циклические номера и m' все номера кроме m. Конъюнктивно добавим такие формулы для всех других joined p=(i,j) и всех листьев s, и получим (ps(m (i,j)sm ( (m' ((i,j)sm’. Здесь и далее используются структуры, заданные в листьях. Отметим, что какое-то другое qs в том же листе s (или даже в другом листе – см. ниже) может получить тот же номер m.
Now we express that for every cycle number m (1≤m≤nl–k), at some leaf there exists a joined pair p having this number. Например, имеются два листа, в листе 1 joined p это (1,2) и (3,4), в листе 2 joined p это (1,3) и (2,4). Тогда для каждого циклового номера m запишем:
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В общем виде this will be the disjunction of the variables psm over all joined p and all s, for each m separately:
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Now let us ensure equality of cycle numbers of all pairs p in each cycle в R+s, for any given leaf s. It suffices to ensure the equality of numbers for neighboring pairs, i.e., for those separated by some join pair x in R. In other words, we have to ensure the following implication: if two joined pair p and q at one leaf s are connected by a join pair from R, then p and q have the same cycle number m. Это записывается отдельно для каждого циклового номера m. Например, for any joined pairs p=(1,2) and q=(3,4) at the same leaf s запишем, здесь в скобках перечислены возможные joined pairs in R: 
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В посылке находятся the four possible вариантов разделения p and q by a join pair x in R+s. Здесь 
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 может равняться 0; recall that a join pair x(R is the edge in R+s. Конъюнктивно добавим такие формулы для всех цикловых номеров m, all leaves s and joined pairs p=(p1,p2), q=(q1,q2) in s и получим (mspq
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It may seem that we also need to ensure that joined pairs in different cycles have different cycle numbers. However, this is not necessary: if different cycles have the same numbers, the number of cycles will be greater than nl–k, which также удовлетворяет the conditions of problem (*). 
Proof of Theorem 4. The description of the CNFk выражает условие nl–k (x, and the trivial bounds for k* (from 0 to nl) imply the exactness of the reduction. Проверим оценку на размер CNFk, которая по числу переменных очевидна. Для получения оценки на число дизъюнкций заметим, что формула (1) эквивалентна конъюнкции четырёх дизъюнкций:
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Формула (2) эквивалентна аналогичной конъюнкции. Формула (3) эквивалентна конъюнкции четырёх дизъюнкций:
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При этом в каждом листе порядка n2 пар (p,q), что даёт суммарно по всем листьям ln2, и это умножается на число nl цикловых номеров. □
2.7. Example of the DCJ reconstruction. It is often reasonable to confine ourselves with a reduced version of the problem: a root structure R is sought for among the structures in which any joined pair p of extremities occurs at least at one of the leaves. Наше моделирование (данные не приводятся) показывает, что usually a root structure appearing in the DCJ reconstruction possesses this property. Then the number of variables and disjunctions in the corresponding CNFk considerably reduces. 
Let us perform the DCJ reconstruction with a reduced version for the input data shown in Figure 20.
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Figure 20. Input data at leaves (два цикла в каждом листе) for the DCJ reconstruction with a reduced version: reduction to SAT problems.
В качестве верхней и нижней границ параметра k выберем тривиальные значения k1=0 and k2=nl=9, where n=3 is the number of names in leaves and l=3 is the number of leaves. В соответствии с алгоритмом в Section 2.6 построим CNF2, для которой nl–k = 7, и получим, что она не имеет an affirmative solution; поэтому структура R не определена. Затем построим CNF3, для которой nl–k = 6, и получим, что она имеет an affirmative solution. The satisfying collection of variables is as follows (we present those equal to 1 only): (12,21), (22,31), (32,11); (12,21)l1, (22,11)l2, (31,32)l2, (22,31)m3, (32,21)m4, (11,12)m4, (12,31)r5, (32,11)r6, (21,22)r6 where знаки l, m, r указывают, соответственно, на левый, средний и правый листы. The first three variables determine соответствующую структуру R суммарно с шестью циклами в all графах R+s. The resulting arrangement is shown in Figure 21a, а упомянутые breakpoint graphs R+s, каждый из них состоит из двух циклов, показаны на Figure 21b.
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Figure 21. (a) Resulting arrangement in the DCJ reconstruction for the data given in Figure 20, obtained by a reduction to SAT problems. (b) Три соответствующих breakpoint graphs R+si, каждый из которых содержит по два цикла с длинами 2 и 4
2.8. Lower bound for the parameter k in?at the conjunctive normal form CNFk and final form of a common graph. One can improve the lower bound on k* by constructing a common graph G of all leaf structures. This is a graph с множеством M вершин, and an edge connects two extremities if they are joined in some leaf structure; the edge is labeled with the name of the corresponding leaf. The common graph of structures a and b is их breakpoint graph. Thus, two nodes can be connected by several (up to l) edges, and the degree of any node of the graph is l, так как все структуры циклические. A common graph G is said to be of a final form if every its connected components is two nodes connected by l edges. This graph G is of a final form if and only if it is obtained from identical leaf structures. In a common graph G of a final form there are n connected components where n is the number of names in leaves of the tree. A DM operation over G consists in replacing two edges having the same name with other two edges having the same name and the same four extremities. 

A DM operation is invertible, and its inverse is also a DM operation. Therefore, the total number of DM operations in transformations of a root structure r to leaf structures s equals the total number of DM operations in transformations of leaf structures to a root one. And the latter equals the number of DM operations in the shortest transformation (commonly called reduction) of G to a final form. A cycle in G is said to be alternating if each edge in it is labeled by one of two names and these labels alternate. In a graph of a final form there are nl·(l–1)/2 alternating cycles (all of length 2). Note the following: any alternating cycle in G is contained in precisely one si + sj where si and sj are any two leaves of the tree. Therefore, the number of alternating cycles in an arbitrary G is not greater than in a final one, and a DM can increase this number by at most l–1. Hence we obtain a lower estimate of 
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 for the SAT bound, where d is the number of alternating cycles in G. Это – нижняя bound для k*.
An upper bound для k* can be obtained by exhaustively examining the arrangements in which r is a structure coinciding with a structure at some leaf and by computing the minimum cost among all these arrangements. 

3. Discussion

Let us outline possible directions for further research. In the problem of constructing an intermediate tree G, we have proposed a way to construct a collection B of clades for which our algorithm outputs the best reconciliation of G with a preassigned tree P and network S. Further research can be aimed at finding other ways to construct a collection B. Also of interest is the case where P is a nonbinary tree, along with the problem of optimal binarization of P. In [6], a binarization method is described which can easily be adapted for our algorithm, but the problem of choosing an optimal binarization still remains. Также остаётся открытым вопрос о возможности устранения в формулировке теоремы 2 ограничения на цены событий, при котором описанный алгоритм точен.
The questions of an exact efficient algorithm for SCJ reconstruction on an arbitrary tree for arbitrary costs of SCJ operations and of DCJ reconstruction even on a two-star tree in the cyclic case remain open.

Author Contributions: Conceptualization, V.L and K.G.; proof, K.G. and V.L.; writing—original draft preparation, K.G.; writing—review and editing, V.L.; supervision, V.L.; project administration, V.L. Both authors have read and agreed to the published version of the manuscript.

Conflicts of Interest: The authors declare no conflict of interest.
References

1. Kuitche, E.; Lafond, M.; Ouangraoua, A. Reconstructing protein and gene phylogenies using reconciliation and soft-clustering. Journal of Bioinformatics and Computational Biology 2017, 15(6): 1740007.

2. Page, R.D.M. Maps between trees and cladistic analysis of historical associations among genes, organisms and areas. Systematic Biology 1994, 43, 58–77.

3. Guigo, R.; Muchnik, I.; Smith, T. Reconstruction of ancient molecular phylogeny. Mol. Phylogenet. Evol. 1996, 6(2), 189–213.

4. Zhang L. On a Mirkin-Muchnik-Smith conjecture for comparing molecular phylogenies. Journal of Computational Biology 1997, 4(2), 177–187.

5. Ma, B.; Li, L.; Zhang, L. From gene trees to species trees. SIAM Journal of Computing 2000, 30(3), 729–752.

6. Rusin, L.Yu.; Lyubetskaya, E.V.; Gorbunov, K.Yu.; Lyubetsky, V.A. Reconciliation of Gene and Species Trees. BioMed Research International 2014, 2014, 642089.

7. Iersel, van L.; Janssen, R.; Jones, M.; Murakami, Y.; Zeh, N. Polynomial-Time Algorithms for Phylogenetic Inference Problems Involving Duplication and Reticulation. IEEE/ACM Transactions on Computational Biology and Bioinformatics 2020, 17(1), 14–26.

8. LeMay, M.; Libeskind-Hadas, R.; Wu, Y.-C. A Polynomial-Time Algorithm for Minimizing the Deep Coalescence Cost for Level-1 Species Nets. IEEE/ACM Transactions on Computational Biology and Bioinformatics 2022, 19(5), 2642–2653.

9. Luhmann, N.; Lafond, M.; Thevenin, A.; Ouangraoua, A.; Wittler, R.; Chauve, C. The SCJ Small Parsimony Problem for Weighted Gene Adjacencies. IEEE/ACM Transactions on Computational Biology and Bioinformatics 2019, 16(4), 1364–1373.

10. Gorbunov, K.Yu.; Lyubetsky, V.A. Multiplicatively exact algorithms for transformation and reconstruction of directed path-cycle graphs with repeated edges. Mathematics 2021, 9(20), 2576.

11. Gorbunov, K.Yu.; Lyubetsky, V.A. Linear time additively exact algorithm for transformation of chain-cycle graphs for arbitrary costs of deletions and insertions. Mathematics 2020, 8(11), 2001.

12. Feijao, P.; Meidanis, J. SCJ: A Breakpoint-Like Distance that Simplifies Several Rearrangement Problems. IEEE/ACM Transactions on Computational Biology and Bioinformatics 2011, 8(5), 1318–1429.

13. Gorbunov, K.Y.; Gershgorin, R.A.; Lyubetsky, V.A. Rearrangement and inference of chromosome structures. Molecular Biology 2015, 49(3), 327–338.

14. Sohanghpurwala, A.A.; Hassan, M.W.; Athanas, P. Hardware accelerated SAT solvers – a survey. J. Parallel Distrib. Comput. 2017, 106, 170–184.

15. Lyubetsky, V.A.; Gershgorin, R.A.; Gorbunov, K.Yu. Chromosome structures: Reduction of certain problems with unequal gene content and gene paralogs to integer linear programming. BMC Bioinform. 2017, 18:537.

16. Korte, B.; Vigen, J. Combinatorial Optimization. Theory and Algorithms, 6th ed.; Springer-Verlag: Bonn, Germany, 2018.

17. Tannier, E.; Zheng, C.; Sankoff, D. Multichromosomal median and halving problems under different genomic distances. BMC Bioinformatics 2009, 10:120.
18. Gorbunov, K.Yu.; Lyubetsky, V.A. Linear algorithm of the minimal reconstruction of structures. Probl. of Inform. Transmission 2017, 53(1), 55–72.

Mathematics 2022, 10, x. https://doi.org/10.3390/xxxxx
www.mdpi.com/journal/mathematics

[image: image51.png][image: image52.png]_1735987389.unknown

_1737032172.unknown

_1737046191.unknown

_1737046417.unknown

_1737350930.unknown

_1737046162.unknown

_1736067133.unknown

_1736860434.unknown

_1736019041.unknown

_1734601104.unknown

_1735729425.unknown

_1735766420.unknown

_1735766487.unknown

_1735884503.unknown

_1735766451.unknown

_1735766372.unknown

_1735396393.unknown

_1735550068.unknown

_1735326517.unknown

_1734114370.unknown

_1734600142.unknown

_1734600438.unknown

_1734519493.unknown

_1731491745.unknown

_1731491746.unknown

_1731491747.unknown

_1731491741.unknown

